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P REFACE 


This book on Thgonometiy has been written to meet the 
needs oi the Pre-Univcisity students studying within the 
jurisdiction of the J. & K. University. Thus it covers the entire 
syllabus prescribed by the Univeisit>. What the student ha^ 
already studied in school or is expeiied to iiavc studied there 
has not been touched at all. Moreover, unnecessary details 

likely to confuse the aveiage student ha\e been avoided ai far 

as possible. Various articles ha\e been explained in such a 
way that even the weakest student can grasp them provided that 
he studies these with care. Most ol the articles have been 
illustrated by means of a number of solved examples most ol 
which have been taken from University papers. In short, no 
pains have been spared .to make the book intelligible and. at 

the same time, interesting. 

The authors shaU most thankfully receive any valuable 

suggestions or corrections that might have escaped their notice. 


Srinagar 
May, 1964. 
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CHAPTER I 
Heights And Distances 

1.1 The suident has itlrc idy learnt .1 lot with rcg<iid lo the 

definitions of Trigonomftrical R'llios. He has also learnt some 
fundamental relations ihcrcol, such as SinHl-i-Cos"'^ I, 
l+tan^S^Sec'-^e, c/c. We now propose to discuss in the ple^enl 
chapter one of the most interesting uses of IVigonometry, tu-, tlie 

finding of heiglits without actually measuring them, and finding 

of distances between two points without actually travelling. 
Thus it will be found that Ti igonoineti y is \'ery useful in measur- 
ing the heights and the distances of points which arc otheiavisc 

inaccessible, for example, ofthe moon, the sun and tiie planets. 

For the solution of such problems, however, knowledge of some 
angles and distances is essential. The angles of objects are 
measured by an instrument known as flieodolile . 

1.2 Before we illusuaie the method of finding heights .iud 

distances, we define l)elow Angles of hlevnlion and ihjncision. 

DeRnitxoD : 

AngU of Elevation. If O be an 
object at a higher level than E, ^ 

the point of observation, then the 
angle /. XLO whicli EO, ilic 

St. line from the point of obser- Anqu ot ck^dhon 

vation to the object obsciTcd — 

makes with the horizontal line EX 

in the vertical plane OEX is cdlcd ilte Aro’l- 'f .eviion 

of O as seen from E. 


i 




Angle of Depression. 



0 


If O be an object at a level lower than* 
E, the point of observation, and EX be 
the horizontal line through £, then the 
angle Z.XEO, which EO, the si. line 
from the point of observation to the 
point observed, makes with EX is called 
the Angle of Depression, of O as seen 
from E. 

Note: — The Angle of PAtvalion'^ is 
sometimes called the Altiludeo^ the object 
as well. 


1.3. In working out problems.^on Heights anil distances^ wc 
have to make frequent use of the Trigonometrical Ratios of some 
acute angles like O', 30®, 46®, Wc., and the student is already 
expected to know their values. All the same, he is advised to go- 
through the chart on page 3, which can give him all such 
information. 


Note J 2 = 1*414 and 1*732 
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Solved Examples 


Ex. 1 A man standing 100 ft. away from the foot of a 
tower finds that the angle of elevation of the top is 60 . Fmd the 

height of the tower. 



SoL Let BC be the tower and A the observer. 
Then AB=100 ft. Z.BAC=60® and BG=A ft.=? 

Now or ^ ==tan 60'' = y/% 

or^=100V3ft. 


Ex. 2. A cliff is 600 ft. high. A man observes a boat in a 
lake making angle of depression equal to 45®. Find ihe distance 
between the boat and the foot of the cliff. 


Sol. Let C be the top of the cliff 
and A the boat. 

t. 

Then XCA=45* ; BC=600 ft. 
and AB— .T=?. 


.T BC 

Now rw =tan BAG 
AB 

or ^=tan'i5~l 

A- 


= 1 



or 


tU)0 

.V 


or a= 600 ft. 


Ex. 3. A man standing on the bank of a river observes angle 
of elevation subtended by a tree top on the opposite bank to 

elevation diminishes 

to 30 , find the height of the tree and the breadth of the river. 






Sol. Ut C be the top of th<= 

tree and F and E the two points 
obsei'vation. 

Let BC=/i {the height oj the tree) 
f B=A- {the breadth of the rwer) 



A 


A 


CE1==30^ ; CFti=4.> 


Now given 

CB CFB or 

; 

or 

h i 

BC Rl«T' or — ^=lan 30— /«> 

Again ^ =tan BtO or V*- 

■ ..(») 

0, V3 /i=» + 5'' 

, . W 

Now A=»' (ii) 

y/3.h=x+5» 

in.iinff the value of A in the 1" 

50 


Substituting 
wehaveV3.*=^+^>® ®'‘ * 


or ^= 73^1 


metres 


50 


, mctics. 

f The angl« of dep^e^ion of two 

^ road- 'and observed a« in the same vertical plane 

respeclively. If *0 height of the tower. 

and the cars 200 ft. apaii, find S ^ ,gs2) 



60i 

- - c -?ovr:[) 


Sol: Let AB be the tower k ft. 
C and D two motor cars 200 ft. 

A A 

ACB=60® ; ADB=46^ 

LetBCs=sx ft. 

AB . h 

=tan 46®: 
or A=20(>^-*. 


high. 

apart. 


Again or-~=ian 60® 

or h—x\/S. 

fc=200+j: 

h=iXy/3 

Substituting the value of x from (ii) in (i) 


=1 

..{i) 

...(H) 

...(») 


A = 200 +^„*( l_^^)=200 


or A= 
1 - 


200 200v'3 


1 
V3 


V3-1 


ft 


Ex. 5. From a lighthouse the angles of depression of two 
ships on opposite sides of the lighthouse are observed to be 
30® and 46®. If the height of the lighthouse be 300 ft. Find 
the distance between the ships if the line joining them passes 
through the foot of the lighthouse. {P,U, 1941) 

Sol Let AB be the height 
of the towcr=300 ft. Let C 
and D be the two ships. Then 

A A 

(0 X'AC {=ACB)*45® 

A A 

(it) XAD( = ADB)=30® 



=tan 45 — 1 


AU 

iLct BC=.v ft- ; BC ° '‘''' “ '' 

or l'••■■<'> 

(,,)^=.an ADB or •*""--<*» »« = js 

DUUnce l«.wee^ (H V3) ft- 

E., 6. From the top of “ lligh'^Trfitr.md 

■the top and the botmm oU bmUmg d.stance 

respectively. Find the lieigii 

from the building. 

Sol. the tower 
And the distance BC 

And the building AB be x ft- ^ 

VVeknowOl XDA(=DAF'=30 

(iil XDB (=DBC)=60" 


(Hi) AB=1'X) ft 



-•X — B 


L_- * ^ 


(5)^=un DAL or 


or y 

Aj:l!£.=tan :i'>^7r 

or Av'3 = * 

or 4 x= 100V3 ot 4 

^ nnfi 




(ii) 

(0 

{ii) 


s 


EXERCISh 1 

A \ciiical llagstaft' stands on a horizontal plane. From 
.1 point distant 150 ft. ftom its foot, the angle of elevation of 
(Op is 30° ; find the height of the flagstaff. 

{H.S.B., Delhi) 

2, A kite string is l.)0 yds. long and its angle af elevation 
IS 60'. Find the height of tiie kite above the ground. 

3. - From the top of .i tower 125 ft. a man observes the 
■ingle of depression of a tree to be 30"'. Find the distance of 
(lie ti'ce horn the f.ot ot the lower. 

4, Find the altitude of the sun when the length of the 

.Nhadou ol i-file 3'* it. high is 3t>\/3- 

5. A ( lilmncy '.’ll ii high standing on the top of a building, 
subtends .m angle whose tangent is ai a dislanrc of 70 ft. 
front the fnc-i of tiie building 1 iiul the height of the building. 

■ IH.S I’. DeihH953) 

(>./ rile upper p.iM of a u cc bioken over by w ind, makes 
.in angle ot with the ground, .ind the distance from the 
root to (he point whcie the lop of die tree meets the ground is- 
30 ft.: what wastin' height of die tree. (D. Qii'iUfying 1^31 • 

7. A \criiial post i.ists a shadow 2^ ft, long when ilif 
ahiiudr ol iIk snn is liii . find the length of tlic sli;id*»\v 
w I €n tile akittide ot tlic smi is .30 . 


.S. 1 he altitude oi the toj) ol a <hiiiinc\ is 3U , approat h- 

mg 2tjU U. iriwartls it. ih niagniludr hctonics 15. Find the 
height of the clumncy. {fC.C. 1951] 


Jh A peis<tn staiuliiig on the b.itik of a i iver. observe.-- 
that the angle siihtcnded bs a tree i*n tiie opposite bank is 6ft 
when he ictiies4ti fi. ftom the l^ank he iiiids the angle to be 
3lf ; lind the height of the tree aiul the hteadth ol the river. 

{P.U. 1942 S) 


ftr 1 lie angles ol elevation ol ilie top of a lower observed 
by two observers standing on a load, on the opposite sides of 
Uiciowe. are 3(i an<l 6(t respe, tivelv. If the okervers and 
die tower arc in die s..nie plan.- and are. •.iiuf,. apart, find the 
heigl.i of die towel. 




]j/ I rom ihe lop ol 
dcp-^.sion of two objects due nor.h of the to^^e. 

Find the distance between the objects. 

From a lighthouse [j-, 

30»and45^. ^e.g ^ ‘ i,,inin. ihe.n p .^se. 

the distance between the ships if the {rJ\19-}I) 

through the foot of the lighthouse. 

w . rtr -11111 ft lii^^h the loi) <uid botumi 

From the top ol a c .IT, .i I ' - l-i,,,! 

ofa tower are observed to be -i" and 1 

the height of the tower. , u „ , 

14. The angip of devat.o,, of two A;;;;;, ""c:’ 

vertical tower are 60“ and .10 of A aliove the 

theground. If AB^^lOli ft. I'-'d 'h' \q, Mhi IW 

grotStd and the distan. e of tl.e tower f. om t-.. . li 

ofa'Ld"n7at.e“orde^^ 

is 0O“. Find the height ol the cloud. 

16. up is the le..gth of the perpendi. ula, hen A to BC. .n 
a triangle ABC, prove that 


^ Col B+Coi C' 


(F.r. 1941) 


17. A verticle tower stands on .. . P'^', 

surmounted by a vertical , “jfo^tiom of the flagstaff is ». 

plane, the angle of elevation o tte hot om 

and that of the top of the flagstaif is p. rrovc 


the tower is 


h tan a 


1949 ) 


tan p — tan ® 

18. The angle iv^^^ 

south of it is X and from a point B due cast A = /* 

that the height of the tower is given by 





19. riie angular elevation o( a lower hoin a certain point 
.is 7. ; at another point in the same horizcnial plane and a feel 
nearer the tower, the elevation is UO® - a. if A be the height of 
the tower aljove the horizontal plane, show that 

//= </ tan 1 * a feet. 

20. AB is a tower si.\nding on a horizontal plane, B being 
its foot. The elevations f>f A as observed from P due south and 
of Q, due west of B arc and ? res^iceiivcK . Ii PQ. is h feet, 
show that the height of ilie tower is 

h 

\/r.nt-n ■ Cot-v 

21. A lighthouse of heigiii ‘V’ fret is situated on ihc edge of 
a vertical cliff A feet high. From a boat the angle of elevation 
of the top of the lighthouse is a NVIicn the boat has liccn 
moved x feet directly towards the lighthouse, the angles of eleva- 
tion of the foot and the top of the lighth<tuse arc a and S 
.respectively Prove that 

4 tan f!--k t:in ,9 — tan x\~\ tan-a 


m2) 



CHAPTER U 


.metrical ratios of 


Relations between the Trigonoi 
migles differing by mJtiple of ^^t a^g j 

2.1 In the present chapter «« hall ^ of rt. 

Trigonometrical ratios of angles d ? such reUtions, 
angles. It is very essential for the studen possible, 

.and he is advised to undentand these as thoroughls P 

^ “ Functions of ( ** 


Z2 




a -e 



Fig. (iv) . ;nUial position Oj 
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starting from OX revolve in the opposite direction through O 

such that Z.XOQ,= --^- ^ . 

[< xOQ,is — ve because it 
traced in clock-wise dirccdon*} 

Draw PMX or OX and produce it to meet OQ,m Q,. 

Now As OMP, and OMQ. are congruent ...(Why ?) 


. QU= MP 
OP=OQ. 
and OM=-OM 

Sin (- = 


lave opposite signs) 
...(Construction) ^ 


QM 


Cos 


OQ, 

OM 


OP 
OM 


OQ OP 


=Cos « 


tan f 

. OM 

Cot ^ ‘'‘-qM 


PM , „ . 

^-2^ =-Cot e 


PM 


Se< (-0) = 


OQ. ^OP 


OM OM 




Cosec (-1-1=°^- =-°^, = -Cosec 

Note: — (.1) The angle (. 0) being' in. Uic (io) quadrant, 

only cosine is positive, while all other ratios are negative- 

I4ote : — (2) Hoicto draw the four Jigures. 

For the sake of convenience, take 0=30® and then (adding 
90° eacli time 120", 210°, and 300'. This will give us the 
position of OP in all the foui quadrants- 

Again, take :10°. 120°, -210°, and-300°, which 

will give ns the position of OQin all quadrants. 

The student is advised to liavc ample practice in drawing 
all the four figures. 


2-3. Functions of (90" ) 



Fig. 'i‘ 




I et the revolving naoc 

,. . ., .... ..non XOX'. , j 


XOa-^^'^-j ON pcrpendicaU.s upon XOX'. 

So;roMP-;}ONa-cong.-n 




Now Sin (««'-"'= Oa O'* 

ON 


r ..6 = 


OF 

^Sin0 









Sec (90*’ -6) 


tan 

i(\c\^ Q\ ON MP 
Cot (90 -6)- Qj^ - tan V 

Sec (90"-e)= " 

Ckwec (90'’-^)=-^= 5? ^Sec B 

* NQ OM ^ * 

Note '.—How to draw tfu figures ^ 

J= fo‘. ““ ““ '(““dtanttt, tak, 

'^P “i'’ ?*■ OQ. in all the four quadrants 

take on --e=b0% -30% - 120’ and - 210^ ^ 

2.4 Functions of (90*^ 

4 



Let the revolving line start Irom iu .n.tial position OX, trace 

.evolving line OC> l«n.^ OX 

rixOa^^V+.’-Dlaw PM and O-X J. upon XOX 
Now A OMP and ONQ are congruent 

... OM=NQand -PM=ON ( 




d) = 

NQ. 

OM 

Sin 

OQ 

OP ' 




ON ^ 

PM 

CdS 

(9(»‘ ^ 

-H)=^ 

OQ 

OP 

tan 

(99° 

.U) = 

NQ 

ON 

OM 
" PM 




ON „ 

PM 

Cot 

(9(P 

4r0). 

NQ 

OM 




OQ _ 

OP 

See 

(90=^ 

4-0) = 

^ ON 

PM 



-! = 

OQ 

OP 

Coser (9<> 

" NQ ' 

OM 


-^Cos r 


=:-Sin !• 


- - Col " 


=. — tail '' 


C’osci " 


Ser H 


Note :~How to draw iheJiRvres ! 

(0 To get thepo^ition or OP. take aU . 

andSWr. ^ 

(li) To get the position of OQ., take OP 
• 300 % 3 {» 0 . 

Important Rule :^Hou- the result of nrlicl. 

2.3 and 2.4. 

, of 9U^ Wl;!-" 

ions i*f., 5m into Coiy Cos into St fi, tan ui > <» quadranl, all 

ratios are positive, whereas 9U -t ^ 
ratios are negative except Sin and cosec 
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The student is advised to understand this important rule 
thoroughly. 

2.S Functions of (180^-^^) 



t'»g- (i») Fig. uv) 


Let the revolving line OP starting from OX trace ‘out 
,_XOP^^. Let another revolving line OQ, (=OP) nirling 

from OX trace out /XOX' = 180^ and let then iCNolve it 
)>ack through t>, so that XOQ= 1 80*^ ~ 

perpendiculars upon XOX'. OMP 
and ONQ,are cangment ...(Why?) 


ON = -OM 
Q.N-MP 


...[ equal but opposite in sign] 



NO. 

Now Sin 

ON 

Cos (180"''^)=^ - 

NO 

tan (180® — 

ON 

Cot (180'* — ^) 

OQ. 

Sec (180° — *^) Qj>j 

OQ, 

Cosec (180®-(') = ^q ' 

2.6 Functions of 


I'M 

OP 

OM 

OP 

MP 

OM 

OM 

MP 

OP 

OM 

OP 

MP 
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Let the revolving Une OP starting from OX trace out 
/.XOP=0- Let another revolving line OQ,(=OP) starting 
from OX trace out Z.XO X' = ISO®. Let it then revolve further 
through so that Z.XOQ,= 180‘’+^. 


Draw PM and Q.N_Ls on XOX' 

^s OPM and OQN are congruent ...(why ?) 

ON=-OM 


NQ.= -PM 


Now Sin (180“+^)=;;;^ — H^=-Sin e 


Cos (l 80 ‘> + f') = r^ XS-=-Cos^ 


tan (18O“+0)=^ = - 


Cot (l8O® + 0)=^= 


NQ. 

OQ 

bN 

OQ. 

ON 

ON 

NQ. 


PM 


OP 
OM 
OP" 
PM 


OM 

OM 


~PM “PM 


PM 

=^=CotO 




See ,180" + <-)=°^=-O^=-Sece 

Coscc (ISO"-!- 9)=°^ —~PM = -Cosec 9 
Note \—How lo remember the results of articles 2'5 and 2.6. 


The functions of /50^— 0 and I8(T-\-0 remain the same, but 
180' —9 lying in the second quadrant, only Sin and Cosec ore positivCf 
whereas !8O°-h0 lying in the Srd quadrant, only tan and Cot are positive. 

2.7 A VERY IMPORTANT RULE 


The student is required lo understand the following rule thoroughly. 
This will enable him to remember the results obtained in aHicles 
2 - 2 - 2 ' 6 . 

1 . {a) When an angle is an odd multiple of i.e.^ 90®, 

270®, etc., the functions change into their co— functions, and the 
sign is determined with the help of the quadrant in which the 
angle lies, for instance, Cos (270®— tl) = — Sin 0 (i) 
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...(»») 


tan { 27 O‘=-e) = +Cot 0 M 

Cos (mi'’+Q) = -Sin ^ (»0 

and so on- 

0) Here the angle lies in 3rd quadrant. 

(ii) Here the angle lies in .'hd quadrani. 

(ill) Here the angle lies in the 3nd quadrant. 

(i.) When .he angle is an even multiple of 00°, n^ l 8 '' . 
W ek the funrlions .crn-un the saine, and the r signs 
'tol’ed by Jhe quadrants in which these angles he. 

For example, tan (18fl” + e' 

Cot (360^-0) =-Coif^' 

Sin 0 ) = Sin ^ 

and so on- 

(i) Here the angle lies in the :trd quadrant 

(ii) Here the angle lies in the 4th quadrant 

{Hi) Here the angle lies in die Isi quadrant. 

. j • (i the functions remain the 
II. When 0, IS changed into Uie sign is 

same, but are all negative except Cos nncl o b 

determined by the quadrant in which S 

For example. Sit. (-0) - -Sm 0^^ qian." } 

2.8 Periodic Functions 

Def A lUnction fU) is said to ^ ii; 

;V,l"f!,Tf:^i\rtlut“fVu^s^ar/to be .he period’o. the 
function. 

2.8.1 Periods of Sin 0, Co.s 0, and Um 0 

We knowthat Sin ^ ^ 

Cos (O'f27r)^Cos0 


* N'' 

Article 2 ' 


I 


* 
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Thus wc see that ihc values Sm 0, Cos remain imehaiigcd 
when lir: is added to 20. Hence Sin 6 and Cos are periodic 
functions and their period is 27t in each case. 


Again tan (^?+7r) — tan ^ 


[ Rule I (A) under 
Article 2 7 


Which shows that tan 0 is also periodic with tt as its period. 

Solved Examples 

Ex. 1. Find th values of : — 

(I) Cot 510° (ii) Cosl2(F Hi) Ian . 1215 . 

Sol. {/) Col 570" ---Cot .Ii -’90^ ■ - rCot :iin-=v3 

.Here the angle 30° is an even multiple of 9o and lies in the 
:iid quadrant) 

{(/) Cos72tr--C:os ,S 00^ wr)=;-iCosO i 

1 Heic the angle o' is an even multiple of 90°, and lies in the 
Isi quadrant) 

til tan V 1215‘") ■ tan 1215°-- -tan U3 ,9tr t 45°) 

-• Cot 4.5'’) —Cot 45 = I 

Here the angle 45° is an odd multiple of 90" 

tan ,13 Ay0°-^45°' will cli.inge intoils Cu-rundion i.e.. 
Col 45° with VC sign I'ccausc the angle 13 90 - 45° lies 

in the 2nd quadrant. Also tan (—fh -lan '• 

tan{ 1215°) tan 1215) 

Ex. 2. Show ihul. 

Sin 4 20" Cos 390' -1-Cos ( ti(iO') Sin t 330 ^ I 
Sol. Sin(4x!Mt -l-do ) Cos (4 90 ^ 30 ) 

Cos f7 ■.90" - 30’) Siu (4 !>n 

Sin f 0) -: Si]| (V .mil ( ()) C:nsf-J 

Sill iln Cos 30 " Sin 3o’ ( - ^in ;ttr i 'why so ^) 

Sin Oo f’os 3o - Sin 30^ Sin 3'i 

^ ' I 1 t o u ^ 


9) C'os cj 

'\\ hy so ,^) 


1 I 


1 K.H.S, 
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Ex. 3. JJA, B, C the angles of a triangle pme that ; 
(i) Sin ^A+B)=Sm C {ii) Cos^^- 


Sol. 


(j) A-B-C- 18 U 

A li=lsit C 

.-. sin (A B)=Sin(ISii‘ -C)=Sin C 







Ex. 4. Prove that ; — 

Cost* , Sin i—tt) 

Sin ( 9 u“+t 0 '*'Sin (ISo-’t'O 


tan {9(1® • 
Cot 0 


Sin (-«) 


Co5 w »»i*» \ *_ / ‘ 

Sol. ^ ^^■^■“Sin ( 9 (T®-rO,i ^Sin 

Cost) {-Smi) 

"^CosO"^ {-Sin t/) Cot" 

Cos 0 Sin " XI -f 1 

~Co 5 . Sm tf Col 6 

=3 = RH.S. 

Ex, 5.‘ /AoMin («n i </) =sin or sin aa.rd.ng 

n is even or odd. 

Sol. Case (i) When n is even- 
Let n=t m (say) 

,_Si„(„„ + 9)=Sin(:ir.--(»)=Sin" 

(■.• this angle Ucs in the first quadrant lo. all m) 

Case (it) When n is odd. 


as 


/ 
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Letn=2m-f-l (Say) 

sin (rtTT-f-^) [(2 

=sin (2m7r+iT+0) 

=sin (’r -f-0) ...by case (?) 

= — sin 0 

EXERCISE IT 

Prove that (i) cos 1386“ —sin 36° 

(«) tan (-965°) = -cot 26° 

{Hi} sec (990° — 6') = — cosec (} 

2. Evaluate : — 

cos 0+cOi^-Y +0 ) rCOS (7T+0)+cos (^-1*0 ) 
(») sin^ ( ^+cos“ ( ) 

iiii) scc2 e tan^ ( 9— 

3. Prove that : — 

^{i} sin 420° cos 390°-J-cos (-660°) sin (—330°) 1 

sin 600° cos 330°^cos 120° sin I50“=:-l 
iiii} sina36°-sin2 18°=sin2 72°-sin2 54° 

lan 225° cot 405° -f tan 405° cot 675°=^ 0 

v4. Prove geometrically that : — 

(i) cos 150°=— cos 30° 

(li) tan 225°=tan 45° 

6. Show that : — 

(i) sin (180°+A) = — sin A 
(li) sec (270°'^A)=cosec A 
y<(i') sec (270°-A) = -coscc A 
/ (m) cot (270°-I-A) = — tan A 


V 



6. Simplify- 

^i) sin (180°+A) cosec (00 -A) 

iii) tan (180°-A) coscc (ISo’+A) sm (. ' -- 

cos (90'’ + 8) =cc (—0) tan_(J80 

sJcW'V^in (180 

X sin(180'’ + «)cos(270‘ a) 

s.i“" •’ss:'''' ,.is<r-s 

"ts’l ■^o-l)-’-sin (180°-") cotO 
, A B c D ate the angles of a quadtila.etal. p.ove tha, 
'•(.f’sS’(A+B)-rsin (C. ») " 

(ii) cos(A+B)-cos (C : D) ini circle Show 

8. Aqaadvilateral ABCD .s mscr.bed m a c.u 
(.)sinA=sinC (»)cosB,cosD 

and (iii) cos A+cosB 1-cos C i cos D=0 

9. Find * from the equation 

cosec (90->-f A) i-a cos A cot 

10. Showthatw,?t'K’«'.cos(miT-l-c) -t i 


CHAPTER m 

Additioa And Sabtraction Formulae 

31. To prove ^eomelrioilly that : — 

(i) sin ^A-rB) = sin A cos B - cos A sin B 
(if) <os(A'rB) cos A cos B - sin A sin B 

and lan (A • Bl ‘•'■U'.- “ 

I tan A lan B 


,7. 





Let ilie revolving line starting from 
its initial posiiion OX, trace out an 
angle XOV A. Let it further trace 
out an angle YOZ = B, so that the 
'i angle XOZ A - B. 

Take an\ point P on OZ and draw 
PM .ind PN perpendiculars on OX 
and OV respectively ; from N draw 
NQ. and NR perpendiculars on OX 
and PM lespectively. 

.KXP 'RN'0 = .^N0Q. A 

MP MR RP QX.Kp 
OP OP OP 

QN RP 
OP 'OP 

ON ON_ RP i\P 
ON ' OP NP • OP 

^'nder QN write the hyp..lcii.,se of the it. _d J of uhief 

QNo:, side. SmiiUt-h. uiidet RP write the hypoleiiiise 
of the it. da of wiiiih RN is o jiJe.] 

Sin A cos B - cos A sin B RPK- A 


Now Z RPN {III 
(0 sin (A ; B)- sin XOZ 
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OM OQ_ 'SiQ, 

(«) cos (A+B' = cosXOZ “qp ~ OP OP 

00 RN OQ OR\ RN 
^OP OP ON ’ OP NP OP 

IS: " " inp-- 

/.d A of which RN is a side.] 

=cos A. cos B sin A. s.n^B^ QN- HP 

(m) tan (ApB)=ian XOZ = Q^( OQ mq oQ, BN 


RP 

OQ, OQ I Divide the num. ii'J die 

RN Ucnom. 1)> OQ 

'”OQ 

RP 

tan 

= RN RP 

' RP ■ OQ 


But -^= tan A, and lioin U'" sinnla. 

aON. =«" « 

lan A uo B 
Hence tan (A-f B) =“r a urn B 


. KPN ■ ■ 


we have u 

siniA-B) sin A cos B . cos A sm B 

= cos A cos B sin A s.n B 


sin A cos B <:osA_si^ 

cos A cos B cos A cos B 

“ CO S A cos ^ ^ 

cos A cos B 

tan A t tan B 
” 1 - tan A tanB 
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Caution : [Sin (A-f-B) is never equal to sin A+sin B. 

Similarly, cos f A-f-B) ^ cos A-t*cos B and tan 
(A-fB) ^ tan A-f-tan B] 


^ T, . /A , T»v colAcotB— 1 

Cor. Prove that rot [A+B) , - v, 

' cotA-rcotB 


First method : Col (A f B) ~ 


cos (A — B) 
sin (A-i-B) 


f 


cos A cos B — sin A sin B 
sin A cos B -J-cos A sin B 


cos A cos B sin A sin B 
sin A sin B sin A sin B 
sin A cos B cos A sin B 
sin A sin B ' sin A sin B 


cot A cot B — 1 
cot B -t cot A 
wt A cot B - 1 
cot A-f cot B 


Second Method : \Vc know tan (A-|-B\ = 


cot { A'fB)=^ 


1 


tan i A fB) 


tan A-rtanB 
1 —tan A tan B 

1 — tan A tan B 
tan A+tan B 


_ _ cot A cot B 
cot A"^ coi B 

Col A. Cot B — 1 

Cot A Col B Cot A Cot B — 1 

CotB-HCotA~~ CotA-r^olB 
Cot A. Cot B 


k 


Note : The sluJent is advised to commit this formula to memory^ 
v /i, has to make frequent use of it in thg forthcoming chapters. 


3*2 Addition formula for more than two angl 

To prove that : — r r 

Here we have Sin (A4 B^C)^Sin [(A-,-Ii i+ 1 

= Sin(A=-B)CosC:-CoslA.-B)S.nC 

= (Sin A Cos B Cos A Sin B) Cos - 
CosB- Sin A Sin B S.n f 

iin^clrA^of^t^... A , 

Here Cos (A+B+C)=Cos [(A t B) * <- 1 ' B. si" 

= (Cos ACosB-SinASin »' Cos^“ 

(Sin A Cos B : Cos A Sin B) S.n ^ 

=CosACosBCosC CosAJnBS, ^ 

-Cos B Sin C Sin A Cos .. 

(m) tan (A ! B !-C) 

Here we have tan(A ; B+C)^'a''[^ , 

tan (A — --r 

un A - tan B _ ^ C. 

1 tun A tan B 

tun A ■ i*'" ^ tan ^ 
' 1 tan A tan B 

r - tun A t.in B tan C. 
tan A i-tanjjilan^ ■ ^ C 

= T--laS ManB-.anCnn . 

Not. : Tfe rte*ai « 


.itid '(«) ton A B 


To prove geometrically that : — 

(() Sin (A— A Cos B Cos A Sin B. 

(iV) Cos vA-B)==Cos A Cos BT-Sin A Sin B 

tan A -tan B 
i -* Uin A tan B 

Lei the revolving line, starting 
liom if* initial p(jjition OX. trace out 
an angle XO\ =\. Let it then 
revoUe back so as to liace an angle 
VOZ B. so that the angle XOZ 
^A H. 

1 . 

O Q M •”»> point P in OZ, draw 

, f.-,. . perpendiculars on OK 

..ncl 0\ ;:«pecuvely Fron> N draw NQ and NR |>erpendi- 
< uliii's on 0\ und MP produced. 



Then Z-XOV RNY — 5)0'_ / KNP 


RPN A 


B^ Sin XOZ 

MP 

MK- 


9 


OP 

OP 

O \ 

PK 

QX 

PK 


OP 


OP 

OP 


QN 

ON 

PR 

NP 


ON 

OP 

NP 

■ OP 



l»Jnciri u-nte the liyix.tenuse of the n. Z d _• of which 

QN IS .1 sule, and umier PR write the hvpotcnuse uf the ri / d 
f'f wiii' h PR is a side. ' • ^ . 

= *'Sir. A. (a>s B C -os A . Sin B 


f'l. ( os{A B -c: 


os 


XOZ 


UM 

OP 


OP 


XR 

dv 


ON 


OQ C^M 
OP 

OO-XH 

OP 

ox 

■ OP 

NR NP 
NP • OP 
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J. . ' d A 'jf 

[Under OQ, write the hypotenmc^^ hyiTotcnuse of the 

od is a side, and under NK 
rtAdA of which NR is a side). 

=Cos A Cos B- Sin A . hm 11 

mb _ 

(iii) tan (A-B)=wn <XOZ- qm OQ+Q.^' 

Q,N _BR 

ONtzPR^oQ^ 

'WNR 

FR_ 

lan -^-OQ 

= ^ nF'T^ 

1 -- PR • OQ 
PR 

lan •'^"'OQ, _ 

= ' PR 

l-ytanA. QQ^ 

aON and RPN, 

ButlVomihe similar tnangl I 

PR _IL=unB 

OQ - ON „ 

lan A— tan p 

Hence tan (A— B) = j^tan A tan B 

Or, we have B- Cos A Sin B 

SinfA-Bl^-QAJ-TRBSinAS-nll 
(an (A-B) =CoV(A-B) Cos A Cos 

Sin A Cos B ,anA-i."'" 

Cos TCos B g = , M.in A i.in H 

Cos A Cos B Sin A Sin B 

Cos A Cos B ^“^pA'iCotB- I 
Cor. To prove that Cot (A-B) ‘ Cot -^el 

aTeproofofthiscoris.efttoilics.i.dcn.as.ino. 



: While proving the addition and subtraction forrmi^e, we 

have drawn figures for the case^ where A, B,A-\-BatidA-BareaU 
acute angles. But the same method can be extended to cases where 

there are obtuse angles as well. 

3.3.1 The ihrce results obtained in article 3.3 can also 
Ije obtained by the method given below, but this will not be 
the geometrical method. 

(i) To prove that Sin (A— B =Sin A Cos B— CosA 
Sin B. We have Sin (A-| B)=Sin .A Cos B+Cos A Sin B 
Pul B. 

• ^ Sin (A— B) = Sin A Cos f_B)4-Cos A Sin (— B) 

- Sin A CoS B — Cos A Sin B 


[■.'Cos ( — B)s^Cos B and Sin ( — B) — — Sin B.] 
Similarly, we can prove the other two theorems also. 

3.4 A Standard Result 



I 4- tan 0 
i — tan B 

Ian ^ -f-tan 6 
4 

1 — tan “ tiin B 
4 


1 r tan B f “ , 1 

-T . ‘ I tan-r = l I 
I— ta[il» L 4 J 

Similarly, we can prove that 

lan -f, 

ri:e student is advised to commit both these results to memoij. 

Solved Examples 

Ex. 1 Find the values of Sin 75®, Cos 15®. tan 75® 


fi) Sin75^ = Sin (45°-r:U'°l 

^Sin45 CosSn' Mn • 


1 

\ 


I \ 


■j ‘^\- 


(ii) Cos 15' 


- \ 


I 

.> ■ 

\ - 

,3 I 
2\ •-’ 




i 


l 


•> 

\ - 


ian4'7 un:f_' 
{Hi) tan75^-tMi (45" : "I -tan 45 um 5" 


I 


I 


1 

5i5 

i 

n5 


n5'1 

' 


Ex. 2 Show that 


'3 Cos 25" " -■' - C.O' 5:‘> 


2 


V3 Cos :i 3 "-Sin 25 

ol. L.H.S. •_> 


n V3 

But ^ 


_y^ Cos 23" 

— •) 

^CosSti" and 




/.L.H. S. 


=Cos30"Cos23"-Sin5'' -j ^ 

.Cos(30"-r2:r)-Cos53 

Cos 9"— - Col 54 

Ex. 3. Show that 
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Sin 9 " 

Cosfl=— Sin*)" Cos 9“ 

Cj/9“ i Sin 9’" *“ Sin 9° 

■ Cos 9’ 

[Divide num. and den. by Cos 9®] 

l~tan 9° lan 45^’ — tan 9® 

” l-!-tan 9'’ ” l-rian 4)® tan9° 

tan 4o®=l) 

tan (45' ''J®)=tan36® 

-—tan ( 90'^ — 54*" ) = Col 54° 

Ex. 4. Prove that : — 

Sin ^A— B ) . Sin (B-C) _^Sm {C— 

Sin A Sin B Sin B Sin C ’ Sin C Sin A 


Sol. L. H. S. 


Sin A Cos B — Cos A Sin B 
Sin A Sin B 


Sin B Cos C-— Cos B Sin C_ Sin C Cos A — Cos C Sin A 
Sin B Sin C Sin C Sin A 


Sin A Cos B Cos A Sin B Sin B Cos C 
Sin A Sin B Sin A Sin B“^Sin B Sin C 


Cos B Sin C Sin C Cos A Cos C Sin A 
Sin B Sill C Sm C Sin A Sin C Sin A 

=Cot B-Cot AH-Cot C -Cot B + Cot A- 
Cot C = 0-R. H. S. 


Ex. 5. Show that : — 

i) a Cos 04-5 Sin '' rb- Cos ->) where 

h 

uin 9 •- 

n 

l U lan a 4 C-ol 23’.~Cosci 2y. 

'in') I - lan .\) I tan K 2 if A - T' 


Sol. (0 <iCose+ 6 Sm» 

Put a=r Cos <p (i) and h = t Sin p I") 

Squaring and adding (i) and (ii) we get, 

u2a-i,2=:r"-(Cos»iixSm-tp) t=Va-T''‘ 

Also divide (ii) by (i), then we get 
tan ?=-- 

a Cos K+li Sin 0=r [Cos 9 Cos «-Sin ? Sin d] 

=r Cos (t^— '?) 

=-\/« *•}-//'* Cos '6 --p) 


h 

where tan ?= 

Sin a C(» 2« 

(ii) tan a!-Cot2a= Sin 2a 

Sin 2a Sin a-rCos 2a Cos a 
” “ ^ Sin 2a Cos a 


Cos 2a Cos a-* Sin 2a Sin a 

Sin 2a Cos a 


_ Cos (2a al ^ 
" Sin 2a Cos a 


Cos a 

Sin 2a Cos a 


Cosfc2a 

" Sin 2a 

,;,n) l,.H.S.-(l !-tanA)[n-'an(45» A)) ^ 

p Ian 45 “ tan A 
I' tan A) I 1 • j . 45 ® tan A 


] 



1 lan A 1 
1 : tan A J 

I*.' tan 45'’— 1) 
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,, r 1+tan A-l-jan i^-i 

= (l+tan A) lq:^ 3 n X J 

M -Ltan a) — — =2— R.H.S. 

— (1 . tan J\} A) 


Ex. 6. If tan B- ^ 

prove that tan (A~B) = (1~») tan A 

_ « Sin A CJos A 

Sol. We have B- ^ ^ 


n Sin A Cos A 


n - 


Sin A Cos A 


Cos* A 


1 Sin* A 

Cos* A Cos* A 

[Divide num. and denom. bv Cos* A] 

n tan A u tan A 

Sec* A— n tan* A I +{1 — n) tan* A ***^ ' 

[■.* 1-f tan- A=^Sec* A] 

Now L.H.S. -tan (A Bl _ ^ ^ 

^ . n tan A 

tan A — -t : ^ 

l + — ii) tan* A 

1 T tan A« - * -* \ * ^ ji 

1 — (1 —TV tan- A 

[Using the result No : (i) for tan B] 

— A-t (I /;) tan^ A — »tan A 
” l + — tan* Aft; tan* A 
_ tan ^[l-f'^J.—n} tan* A — 7i] 

" “j-^tanSA 

— ^^n A ( 1 +tan * A) 1 1 — 7/'' 

l-rtan* A 

= (1 — 7i) tan A— R.H.S. 


Ex. 7. prove that ; 


(i) un 7r)®-tan 3u'-tan liu® tan 7r>'’ = l 


(ii) un7A-lan4A 

Sol. We have 4.7 

tan 47 


(P. r. 195 }) 

-tan :{A-^tan 7 A. tan 4A. un 7A 

[F.V. }95{>) 

^77' 

-tan (77 — 7U“, 

un 

"* 1 -tan 75® tan ill' 


(*.' tan 47 

% 

or 1 rtan 7.'P un 70® tan 77®-un 
tan 75' - Un 7U° — i.m 75® tan 30 = 1 ■ 


(jj) 7A=4A— 3A 

tan 7A=tan (4A :-:tA^ — 


un 4A*hUn 3 A 
i --tan4 A . un 7A 


which gives Un 7 A— tan4A-tan 3A— lan3A 

un 4A. tan 7A 


Ex. « if sin A 


Sin 


Vu' 

V.7 


and 


Prove that A-fB = 47' when A and B arc in the 
quadrant. 


jirsi 


Sol. Sin A=: — 

viij 




Cos A= 


\'U} 


t 
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Again, Sin B= ^ 


ir A r ihcn Sin A + B)— 

Now Sin A B =Sin A Cos B pCos A Sin B 

1 '2 3 I 

^ V lit ■ "" ~r~i^ ■ v'"' 

j + :i o j__ 

"" \ riu ^ \/- 

which is tiuc. 

Hcn< e A B = 4n° 

l.Nl’.RClSl:: HI 

I. Piovc tliat J Cos A -i-4r»'')=Sin ^ 40 ” - A) 

I -tan H 
I tail 0 




. t 


in Mil 


30 A) i ('os A 


Sliow ih..l :— 
C’os :’a*' 3) 


(') 




III 


C'os y. Cos 3 

Sin g 
Sin 9- Sin ^ 

Sin I A B) 


1 tan y tan 


Ciot 3 Cot ot 


tan A • lan l> 


Sin C\ — B\ tan A -tan B 


•* 

\ 


Sin A 


tv ' 


7. 


Lin 2 7 i.in 7 — 1 in 7. Sei 


(I 


"T Sin , .Sin 

Sin a SiiT?"^ Sin ^ Sin v ^ Sin Y Sin a 

lfSmA=4-anJ Sin B Jmd Cos fA B) and 

Sin (A B\ A :tntl I> l)eing acute. 

sec g sec !’■' 

^ Prove that tan a tan (a -fi' 

5. Tho cosines of .svo angles "'-f ” 

respectively. Find the cosine of the thud ang ■ 

6. The sines of two angles are I and U, hiul tl'c ‘ 

the 3rd angle. 

7. Simplify into single terms 

(j) cos (A~B) cos A-rsin (A - B' sin B 
(ij) sin (*-!->) cos x-cos (A-i>; sin a 
(» 7) sin 22^ cos 38M-cos 22° sin 38“ 

(iy) sin {('+ 60 °)-sin (0-OU°) 

8. Show that : — 

(i) cos A-i-cos ()20° — A' tcos (I -’<• : A 


tan Q a A)-tan(^ ^) 

tan -rA)i-tanQ A) 

ifii) cos (Otl'-fa)^ sin (30°4 a)=cos a 
(jy) sin a i sm( «+ - sin ( 


= siii -A 


'^y) cos (AH-B)cosBfsin (A-t-B)sin B=cos A 
9. irATB=45°, show that 
(cotA~l)(CotB-l) = i' 


{PX‘. 
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lO. Show that : — 




Cos ir J-Sin u* 
Cos ir- Sin IP 

Cos 17 Sin 17- 
r^s"r7" ""Sin 17" 


= tan 56® 


= tan 62* 



Cos 37* Sin 37 
Cos 37 ' -Sin 37'“ 


-Cot 8* 


P.U. 1946) 


1 1. In a triangle ABC, if Sin C -2 Sin A Cos B. show that 
it is an isosceles triangle. 

[Him;— Sin C Sin A ‘ fiC Sin A Cos B - C-os A Sin 
B = 2SinACosB ...[Given) 

*.* Sin A Cos B — Cos A Sin B— n 
or Sin /"A — BV--0 which gives A = B] 

12. If A--B i-C n-, prove that 

[/^ tan A-^ian B-^-tan C=-tan A tan B tan C 
fii) Cot B Cot C -i-Cot C Cot A-t-Cot A Cot B ^ 1 

, - A A, H , B C . c A , 

(tu) Ian - tan ^ ^ tan . tan . —tan— tan — 

P.f'. 1947^ 

(iv) Cot :^-rCot|-fCot^ -Cot;^Cot.^ Cot ^ 


13. Prove that : — 

(i) tan 2A tan 3A tan .".A = tan o.-\-tan 3A-tan 2A 


tan^-^tan -1 

(i/i'' tan l.')*+Cot 1.7* 4 

M. If tan .v-fl 
2 Cot (a-3)-.v= 


an<1 lan 3 .v— 1 prose that 


that 


(ii) If 2 Cos 

14-3 tan'^ a 
r^tan* sT” 

y 

15 (i) Prove that tan 0 Cot 


prove 


= I -I- Sec 6 


Hint :— Show that tan 8 Col 1 '0 



CHAPTER IV 

Trigonometrical Ratios of Multiple and 

Sub-multiple Angles. 

4.1. Multiple angles. 

4.11. To prove that : — 

/ Sin 2 A 2 Sin .( (.oi ,1 
(ii) Cos 2A Cor .- 1 - Suf- A 

2 Cos- A - ! 

1-2 Sin- . I 


'Hi fon 


.? I'in .1 
/ to n- A 


Proof -. I We have Sin .\-‘-B'=Sin A Co^ R • Cos A 

Sin B. 

Putting A B, we get 

Sin . A-:-A^ Sin A Cos A - Co*; A Sin A 
Shi2A 2 Sin A Cos A 


Cor. Sin A 




• t 


Hint 


Sin A 




A 


^ and piocced i 


111 I 


^li) Cos (A - B':^Cos A Cos B Sin A Sin I' 
Putting A B, we haw 
Cos (A ■ A' =Cos A C:os A Sin A Sin A 
Cos 2A Cor A -Sin'^ ,1 

— Cos-^ A - A 1 ■ Cos'* A 



Cor. 


= 2 CoS' — i 

= 2 {l'Sin= A ’- 1 
1— 2 Sin- .4 

CosA=Cos-^-o t 

■J Ci'>- t ' 


• o 


A 


= I -2 Sin- — 


„ / A ^ \ jiitl 

lint : Cos A -Cos -r o / 

p.ocecdasin I'i' 

tan A" 

(iii) We lave tan (A i-B'- j tan A tan B 

Putting A=B,tvel.aVC 

, tan A-ftan A 
tan t A^A — | A tan A 


Uiii 2 -4 


• • 



1.1.2. To pio' eth.it 

(0 Sin -’A- 



i tair A 

(ii) Cos -'A- j 1 tani A 

W : (0 We have seen that 

Sin 2 A Sin A Cos A 

2 Sin A Coj^A 
Sow 2 Sin A Cos A= (;.„su A+Sin'^ A 






Cos- A : Sin A 1 


Now 


4.1.3. 


.in«l i. 


bin A Cos :\ 
Cos^ A _ 
Cos- A Sin^ A 
Cos- A Cos" A 
J tan A 


I i tan- A 


(< 


W e ha\c jjj o\ cij that 

Cos l*A Cos- A Sin- A 


-os- A — Sin- A 


Cos- A Sin- A 
Cos- A I Sin^ A 

c:os 


Cos- A 
Cos* A 


Cos- A 
Cos^ A 


u 


Sin= A 
C cs- A 
Sin- A 


» I •> 


I -tan- A 
i • tan- A 


Please note that : — 


/' Sin A 


1 ’ tan . 

•} 

1 » •> A 

1 tan- 


ii) Cos A 


I tan^ 


A 


I -Htan* 


- tan 


i > t.m .A - 


A 

•> 


I lan^ 


4.2 Prove geometrically tliai 

(i) Sin 2 A- 2 Sin ACosA 

{«) Cos2 A=Cos2A-Sm-A 

=2 Cos-A-1 

= l_2SurA 
2 tan . \ 

(m) lan ^A=j_— 



/n tfis ccntic tincl 

Take ^XOP= A. With any po>i« C on ua 
radius equal to CO (=a) draw a cirt e cu 
P and X respectively. Join OP, PX and d.aw 

Then /_CPO= ^COP=A '• 

/XCP=,/CPO + zlCOP=2A.;. 

and /XPM=90°-/PXM = aCO1 A 

ii) Now PC- = Sin ,;PCM=Sin 2 A 

MP=PC Sin 2 A=flSin :iA 

OP J^P_^ 2 aCos ASin A 
OX OP 

(Please note this step) 

/. aSin2A=2a Sin A Cos A 
L e. Sin 2 A = 2 Sin A Co^ -i 

(ii) Again, OM=OC+CM 

and MX=CX-CM subnaciion) 

OM-MX=2CM .') 

X, nxrf OV OM==2aCosACosA 

Also OM-Ua. . Qp 


Also MP=OX. 



( Please note this step) 

•Ja Cos- A L> i 

and M\=OX. g;. . ASinA 

(Please note this step 
-n Sin- A :i 

AKo (-M CP Cos 2.\ n Cos i’ A 4’ 

SuhtMiting ',\j from (-) we get 

OM MX-L*cCm-A Sin=A i.-,) 

Hm OM MX^CM .>,i C^os l*A Horn r4 

■ ( os -JA :.‘.i Cos2A-Sin^\) 

oi Co> SiiiK4 

Again C:M Om qc OM-a /bi 

anduN<, CM CX MX=a-MX ( 7 ' 

bill from (4 CM^ „ C:os JA 

- OM -_ j„ c:u>-A 

Sul.stitutmg ilie.sc values ol'CM and OM in ,0) we ge: 

^ Cos“A 2a C’os'-A —a 

■ ■■ JG.iM 1 

Also horn MX-J,7Sin-A 

.Substituting die values uf MX anti C'.M in 7 ue 

» CiusL'A ./ 2 „ bin=.\ 

■■■ C..<A / = / 2 Sin^ A 

tail L’A= - -MP --Ml' 

C’M 2CM OM MX 

[using the icsuh ' 1)1 

1 > 11}!. 

- _ .—‘O'* 

I MX MP Ttan-A 

MP • OM 


Note resulU can atsa canmunU, be ob^.ncl h 

B=A in Article 3.1 chapter III. 

4 . 2 . 1 . Two Important Results 

Ij^Cos2A=2 0>sKU 

l-~Cos 2 A^^SinKA 

of questions. 

v 4 . 3 . To prove that , v.^K " 

i;) 

^CosB- S,nA 

Proof : — 

ii) Sin(A-^B)SiiwA B) ^ 

= (Sin A Cos B ; Cos A Sm A 

=Sin«A CovB -Cos^A Si,vB 

^Sin‘A«l-Sin''Bi-<l-Sm A b.n 1 

^Siri^A-Sin^B 

= (l-Cos*A)-i' t'o^'B j. 

^CosW CosK\ 

^,•,•) Cos (A+B) Cos (A- B) ^ ^ 

==(Coi A C« B-Sin A S.n B A.os A 

■ Cos^ACos’-B Sin=ASm‘B ^ 

--Cos- A(l-Sm-n'- ll f«'-- ■ "’ ' 

= Cos* A'Sin*B 

= a-Sin'^AWfl ,.....(4) 



Solved Examp] 


es 


Ex. 1. Show that 

I . Sin 2A 
l+Cos '2 A 

Sin L>A 

I — 

J Cos=A 


ii 


tan A 


T Cci A 


in 


Sol. 




1 - Cos-A 
i) L. H. S. 


t-ni- 


Sin I’A 
I — Clns-iA 


- Sin A ( I). A 


L. H. S.^ 


L‘C^' 
Sin i‘A 


tan A- 1< U.S 


i-{ 2 ( - i 

2Sin A Cu^ A _ Sin A 

Cos A 

- SinA C'o.q A 

i C«-'A I I :.>si„=.\ 

-Sin A Co. A 

[ ' - ^^in- A - Sin-’ A 

C-ov A _ 

Sin A K-H.S. 

■ -O j ^ 

i+Cos2A I-T- .JCosS A-I^ 

_ 2 Sin2 A 

“ “R- H. s. 

Note :~The shidrnt is aJiur^i la reni^mbet that 

yi) /+Coi :a^:cos^~ A 
nU yii) I -Cos :A = : Si, A A 

Ex. 2. I’love lliat 

( Si. . Co. ^ y 


ill L. H. S. ^ 


1 r Sin A 


/ A ^ A \- 

Sol. L. H. S.=(Sin^ +Co5. 


-rCos< - Cos . 

= Hi;Sm;^Cos :^(-.-Sin=^-C„r^ ') 


But 2 Sin ^ Cos =Sin A 


\v 


llV ' 


•) 


L.H.S. = l'rSln A-R.H.S. 

Ex. 3. Prove tliut :— 

(0 i_Sin2 0-fSme-Cos(O- 
and(M) Cos^ 0 -Sm‘f»=Cos 2 0 
Sol. (0 L.H.S.= I-Sin2 0 

.--Sin=PTCosM»- 2 Sin 

(V Sm-f^ + Co.s--=(# 1 ) 

= (Sin P-Cos H. S. 


(i«) L. H. S. 


(Cos- 0 - Sin- 0 

^Cus^ " 

=rCos2 = S. 


Ex. 4. Prove that 

Sin {2 h+ 1) ^ Sin ^-Sin- (n-f 0 (^-S.n- 

Sol. 

Pul (K-i-1) 0=^A andnO==B 

R.H.S.-Sin^A-Sin^'B 

. Sin (A-fU) Sin (A B 

Replacing A andB, we gel 
R. H. S.-Sin {;H-lO-f« if) Sm I" ' ‘ ^ 
=Sin ( 2 n + l)f'Sinr'=L. H -- 


-r, 


IJ 

Ex. 5. ir i.m 

/ 1 rc » 

V J . ■ 

M W 

, >ho\v iliiit 

Coj '' 

( 'os u e 

1 ( Cos u 


Sol. {.Ill 

A h f 

A / - i.in - 

L‘ V 1 ' 

.7 

. 1 

Sqiiai in!j, wr |»ci 


l.m- 

1 . “ 

,1 > ' . 

J I-* 


1 

„ 

« 9 

vj 

1 -f lan^ 

By icvcrsini* ilic 
two sides) 

1 t.in- ^ 

• ii' 

1 l+fV-*!!' 

u 

»> 

It 

1 • i.ur , 

1 r) f , 1 t;,n2 

u 

.> 


By(li\'id'> .iiul ionipc». 

‘ ( os H 

(l {.< 11 = " ) r (\ 

(l -!r) ^ (l 

' !!) 

1 \ 

1 t.m- ) 


l~uir " 



1 " 

(. A )S 11 C 


1 tan' 

f — 

1 e C’ns II 


1 • ( 

u 

1 - uin“ 

$ 

« 


40 


KXERCISE IV 


1. If Cos A=m find Cos 2 A 
‘X' If Sin A=h Cos l»A 

3. If Sin A=i!,findSin‘JA 
\3/ If tan 0-5, find tan 20 
^5^ If tan 0—2, find Sin 20 and ('os 20 

6. Prove that : — 

fi) Sec 2A-taii 2 A-tan( J a) 




... l-hSin2 0 

1 -Sin 20 



Prove that 

H^Sin_20- C_^2t^ . „ 

l+Sin20-rCos20 
. Sin tf+Sin if I, 

l-i-Co5 o-!-Cos 20 


.. Cos 0-)- Sin 2 0 _ . 0 

l-Cos20'rSm20 
. 14-Sin 0 -Cos 0_ ^,1 

14-Sin O+CosO ‘ 2 

If fl Sin 0-/' Cos 0, find the value ol a Cos 


V3, If Cos 0 = 1 ("t ) 

Show that Cos 20 I ( 'i-r ) 

(ji) Prove dial 2 Cos 0==\/24y(- r 2 Cos ■ 

10. Show that : — 

yi) tan tan lU' + tan 40“ 

Vii) tan 7U'’-2 tan oO' + tan 20° 


^^|n 2". 

r.r. ;94«' 

p.r. Mf) 
p' 



11 


12 


15. 


If ^ =Sec 2A, prove thut 

A / -la / + ^ r_ 

. V « - V « -0 Sin L'A 

Prove that : — 

(0 Sin (2A-B) Cos (i*B-A) +Cos (::A-B) Sin 

(2B A)=Sin(A-B; 
{ii) Cos=^4r> •B)-Sirr (4rf -A) -Sin ,A- B) Cos 


A -B‘ 


(Hi) 

{iv) 


s 


Sil l- A S in- B _ tan (A | Bi 
Cos= A Siir' B "" Col (A-B) 

Sin Cos 0 ■ Cos .‘iff Sin 0 
Cos- JIJ -Sin^ yo “ “ 

Sin 4^' I (^s4^ 

1+Cos 4y Sin 47/” 


— tan 46 


13. llSinfl 


— . hnd t.ni 


[P.L\ 1952) 


14. Ifi 


V 


, « 

, - - tan-- . 

—1 '1 ’ 


show that 


Cos 0 = 


Cos u—e 


1 —e Cos « 

Hint : See Ex. solved ' 

Prove that tan 1 “* • Cot ir» — w. 

[Hint: tan Ur -rCot 1.^- -^!Li£l . 

Cos If" ~ 


4,4 To prove that : — 

(i) Sin 5/1 — i 5m A~4 SirP A 

(ii) Cos 3 A^4 Cos^ A - 3 Cos A 
and (Hi) tan 3 .4=3 tan A — tan'-* A 

1 — 3 laii- A 


Sin Jf)*^ 
and proceed] 



- 51 


Proof. (0 5jH5.4=Sin(2A-rA^=Sin2 A Cos A + Cos 2A 

Sin A 

=2 Sin A Cos A. CosA + [l --2 A) 

Sin A 

= 2 Sin A Cos- A h{l-- A Sin A 

= 2 Sin A a-Sin'^ Aj-r(l-2 Sin- A) >: 

Sin A 



= i Sill A — 4 Siir A 

5 -l^Cos (2 AtA)=Cos 2 A Cos A-Sin 2 A 

Sin A 

= (2Co>-A liC(jsA-2Sin A Cos Ax 

Sin A 


= (2 Cos2 A 1} Cos A 2 Sin- A Cos A 
= (2 Cos- A I ) Cos A 2(1 - Cos- A) Cos A 
^4Cos^ A 3Cos A 

, tan 2 A-i-laii A 

{Hi) tan 3 A un {2 A-}- A) - i_tanOAianA 


2 tan A 
i 'tan- A 


H-tan A 


1 


2 Ian A 




•» A 


. tan A 


tan A taiv' A 
1 'lan- A 
1—5 tan- A 
1— tan- A 
3 Ion A - lan ^ A 

^ “ 7— J tan^ A 

Otherwise thus : — 

Sin 3 A 3 Sji^A-4Sin^ A 
(it^) tan 3 = ^ 4Cos“A-3 Cos A 


Sin A . Sln=‘ A 

^ Co>^’A'‘* C^^ A_3tan A Scc>= A 4 tan“ A 
^ Cos=* A ~ Cos A ” 4-3 See' A 

* A “'^Cos» A 



3 tan A (l-^tan* A; --4 tan-* A 
-I -3(1-^13112 A) 

i tan ,1 — tan^ A 
I - -1 


Solved Examples 


Ex. 1. Il l’ C:os a 

Co. no-). (-1^1- -i) 


1 


n 


, prove thai 


Sol. - t’os " fi ■ 


( iibinu liotli sides, wc have 


s Ccv'fy 







• I 


(’r>s 




ti Cos » 


« T H ( 'o8^^— h ( !os <• 

«i •.’i4Cos^U 3 Cos 'I - ‘ 

tv^ 


t M 1 ( 


(»1 


3 Cos '' -.1 ( y ^.) 
C;us 3 f 



Ex 2. hind the value Ui’ t. in ioMVoni ihc C(iu.,i 

3 (an " 3 tan^ n \ 3 ff 


. „ 3 tan (?— tan“ 0 

Sel. Wc know tan 3 6 — 

Put 0=15“ 

3 tan 15“-tan^ 15“ 

tan 3 0 = ian 4r. 

. i_ 3un- 15 -3 tan 15 tan^ 15 

or tanM5 -3 u.r 13“ -Stan 15“t I -tj 

or (tan“ 15 - l)-i3 tan- 15“ . 3 tan la )-il 
(un 15 :-l^W.5 - 

ur(tanl5” rl)(tan= >•> + " 1' " 

Now tan lo“ + l-'l^ 

.■. tan 15“7i=~l 
• tan- 15“-4 tan 15 -t 1 <> 

, 4±v/r6-4 


or tan 15 =s 


o 


_ 4 ± 2 V 3 

0 

= 2 ±V 3 

Now tan 15 -- tan 45“ i. r., tatt 15 ■ ' 1 

.-.tan 1B“ = 2-V3 

EXERHISK V 

Sliow that :— 

1. Sin A Sin {60“-A' Sin (6(r +A) -1 3 A 

2. CmACos (BO^-A) Cos f60M Aj Cos 3 A 


3. 


tin 


1 J : ^ ..Cot 4 0 

0+lan30 Coit'+Cot30 


4. Prove that (3 Sin A Sin 3 Al*-t H Cr. A^O,s 3 A)« 



o4 


a. 4 Sin A SinfA- -^KSin( A :jA 

(). Sin^ 0 - Sin'* ' IJu -Sln^’ (24<i° + tf) = — J Sin ‘-i" 

7. uin A --lan «() — A^ - Ian l:2o^-i-A^=3 tan 

If.V‘ — V" I-'^houilnt 

';j.v- 4 a- ■ :h- - I 

[Hint : — Put ,\--Sin 0 and v Co'> 0] 

4,5. Sub Multiple Angles. 

4.5.1. Tu Express irij^oihimririinl functions nj tiv nnoif in fenn^ 
■f the cosine of double the itu'^le. 

\Vc have Cos I’A - 1 ( osAA - 1 


or C'cs* .A ‘ 


. . C os A 


I (;.>.s:2A 


V 


1 r Cos- A 


Ac;ain, Cos :.»A J 
oi 2 Sin- A 1 


2 Sin- .\ 

Cos 2 A 



.•. Sin .A 


Uixidins 2 1)\' 

w < 


V 


t-Cos 2A 


l'> we have 


lan A - - 


V 


I — Cos 2 A 
I - (-‘os 2 A 




Similarly, we r.m find Sev A, Cosev A, and Col A hv lakiiii? 
die reciprocals of MV 2'' and respeclivc!) . 


Important Note. The of si^tts in the ahove results 

nvtiof he rtmnvrd. unless the qtuidr'iut in whuli A lh < ty Known to us. 


T- 

st 



'ruct. 




-Cos 2 A 

.f 



lies cithei in 


the 1st 



. n • /l + Cos2A jf j 

or in the foiiTih quadrant. But Cos 

lits in Iht second quadrant or in the third quadrant and so on. 

This can be illustrated by means of the following example. 

Ex. Find the values of Sin 22 3b' and tan 22= 3b' 

Sol. Pul A=22" 30' 

V I- Cos 4.^ 

2 


2A-45 

45 " 




j , 

-^1-4 V I' 


V2 


{'■) 


/ 


Again Cos 


22" 30' = /\J 


l + Cos 4.*)" 


'it ' 






from {D and (2), we have 
, \/2— V- 

tan •>*>® an' = - - — - - 

tan„ JO V2 + V-^ 

Note We have taken the sign before tlic ladicals lie 
angle A is acute. 

4.5.2. To express the trigonometrical fwictwns n/an angle m lei 

of the Sine of double the angle. 

VVe know Sin^ A-fCos* A=I 

and 2 Sin A Cos A Sin 2A 

Adding (!) and (2) we get 
Sin^A+Cos^ A + 2 Sin A Cos A = l+Sin 2 A 

jSin A+Cos A)- = l+^i» 

Sin A+Cos A=iv l I 


3/ 


or 



Similarly, subtracting (lO from ( I) and taking the squaie 
root, w'c get. 

Sin A — Cos A = :^-\/l~Sin 2A K'l 

From 'll Hiid ^4 adding and Subtracting, wc get 

Sin A-^r^-vj^+Sin JArtVI -Sin 2A| .. .V 

and C.Qs A-A| * A I Sin l'ATa' 1 Sin I-’A j 
Dividing •’») by b we grt. 

i.in \ ^ + \^‘l-rSin i‘A-- y 1 -Sin 2A ) 

\ 1 -SinJA) 

Takijig icLipiocal^ ot (o'), , (i aiul 7 ' we can get Co>cc A. 
A and Cot A respectivcK . 

4.5.3. To express the tri^oH'imetncn! fwictinns nf an ano(e in fcrtii'’ 

oj the ttiu^ent of di'tioli the anp/e. * 

Here v\c Inve tan 2A 

I -tan- A 




‘an 2A tan* A ;• 2 tan A — tan I’A— tt 

lr,n A - + -'A 

1* tan 2A 

rtan2 2A 

tan 2A 

^^ it/i ih, htip o/ tun , I /laving thus Veen fuiind. lu tan atstly hud 

■'tlu:r tri^onowetriidl funcliotn. ‘ 


\v 


4.5.4. I Vom the rtsulLs 4,.-., I i.n.;; ,.,i ouit.' 

'• ‘Mti easily prove th.at : — 


juitv mdepcndenil) 


" / Cos-) 

•> 


II Nin — 


± 


ifi tan 


V‘ 

V 

\/ 


— Cos A 


1 0>s A 


. \ 


1 C/o.s A 





(i) + A } 


J Sin A 

,..., A _ (iiVlTSl^-y' l-Sin A) 

(m) t.m ^ _ ^/l+Sin AT-^^l A) 


. . * » • \ ^ 
iind (c; tan 


2 tan A 

These are left as an exercise I'oi the student. 

4.6.1. Trigonometric functions of 18^ and 72 

I.ei 18°^ 0, so that r*'l dm 
Now 20=:9(i -:!(/ 

.-. Sin 20=Sin (!)(» - Cos S'’ ^4 (-'s (' - 

or 2 Sin ^ Cos 6=^4 CW 0-:i Cps d 

o, 2 Sin 0.= 4 Cos= 9 (Dividing l-U. -n'es l>v 
or 2 Sin 0=4(1 — Sin“ — d . i, r 7^"^ 

m 4 Sin* fl-|-2Sm0 I--" X' ' ’ ' ' ” - 


Sin 0 



4 t 


lo;^D 






. , • Ad 


We will take Sin 0:« 

‘t 

angle and is, therefore, positw 

\/ .") - - 1 


because 


an .'-i"< 


'IhusSin 18 *- 


4 


Also, Cos = 


v 


( ' V 


V , 1-2V'T _ A / 

10' V . 


-V" if ^ 


The rein‘iinin!i circular functions can now easily be found fr'-on these 
f!VO Tdlioj. 


Ai;ain. S;n72^-Sin 9a^ IS**) 

, \1o'T27/.-7 


r^OS I >< 


I 


and Cos 72^=-C'os MO 18”) 

\'5" ! 


Sin IS’ 


i 


Sin 72' and Cos 72 having tim been found -oe can cisily fv.i 'yther 
'Oflos such os tan 72^, Col 72', etc.. 


4.6.2. Trigonometric functions of 36^ and 54’. 


, So ihat .'»U- Iso” 
oi 2(j=:|S0 —30 

or Sin -.Sin ISO -;i3;=Sin3(y 

oi L* Sin 0 ( :os (t~:\ Sin 0 4 Siiv‘ 0 
l)i\ Iding f)olh sides by Sin 6, wc have 


nr 


•2 Cos e 3 4 Sin- ft 

3 4, I— -Cos* n) 

^ * 

I ( ajs* it 2 C’os 0 t II 

- ‘ \ 4 10 


( -os tt 


s. 


2 2^ 


K 


\ •’) I 1 
4 


\'"'e 




(/ iV) 


/' on nrutc .tnglr, ifureforc,' u- lake 


i t\ ff 


, fh>' \ /frfrni,^ hjc'i'lcj 


its <yi \ 


Now Sin 36’= \/ 




V 

V 


) 


With the help of Sin 36 at|d < « :^6 Sccm''"! 

maining irigonomctnc iunciion nt irv we ha\c ' 

Again angles and -U being c omplementary 
Sin r)4°=Sin (ilO- :i*» 1 

yT)-;- 1 

"" 4 

and Cos .)4»=Cos ,W- 36 n=Si„ 36’ 

\/lo^2V'> 


i:xi-RCdsi-: \ i 

1. Find the values of Sin IS’ and Cos IS ’. 


2. Prove that (i) Si.F Ta’-Sin' 66' 


(ft-, V. ph. m:i 

f' I 


s 


c- --V Sni* 
(ii) 55in- :10 . bin* .2 • 


.) 

H) 


- 1 ♦ 


' (mdSind^r and Co^''-: • 

3. Given Cos 13.")— . /2 ’ " 4 

, rc-„ .).>i» Cos-'-^r. ■ 

4. Find the values of Sm > 

,u<lmr the v.duc-s ot ■ m 

5. Given Sin ^ 


and Cos 30®. 



(I H tan-^ A j ~ ^ tan — show that 

^ \\e - 


C^os 0 - e 
Coso- 


1 —f Cos^ 


(/f. U bitfi:. m2 


7. If y is an aruie .mclc and Sin fl= Z- find tan — • 

a* • 1 


H. Shots’ that Cds .*»(} and Sin IS' arc tf.e ro»)U of th' 
cfni.ition 4,\' - A - I — H. 

■n 

•JU 


\ \ A 

Fmdtan;, , Sin , and Cos ‘'^-.ifiauA 


A 


and ~ lies in llic {ii>i 'luadrant. 


10. Find the value ol t;.n 15®, tiom the equation. tnn 0 


Hint ;-In tan :W 


*» 
• > 


tan tari^ 6 


I - ;j tan- n 


, put 


U" 


4tn( 


siinpldv the resultant equation. 


I 


$ 


CHAPTER V 

Tbe sum and Product Formulae 

5*1 We already know that : — 

Sin (A fB)=Sin A Cos li ; CosA bin H 
Sin (A-B)=Sin A Cos B Cos A sin B 
Adding and subtracting these two, wc gei 
Sin (A+B)-fSin (A - B) Sin A Cos B 
and Sm(A+B)-Sin TA-B)-:: Cos A Sin B 
LetA-f-B=P and A B-Q 


• » 


A= 


Pn-a . 


and B = 


p a 


Hence from (m) and (iy), wc get 

p-ia,. 

SinP+Sin Q.=2 Sin— "1— 

P-i-Q P-Q 

and Sin P-Sin Q.-*-* Cos—^- 'o 

S.1.2. Again, wc know that : 

Cos (A+B)=Cos A Cos B-Sin A Sin B 
Cos (A-B)-Cos A Cos B-i-Sin A Sin B 

Adding and subtracting these two, wc get 

Cos {A-B)+CosfA ! B) -2 Cos A 2 Cos^B 
and Cos (A+B)-Cos {A-i B)-2 Sin A S.n H 

Let A ' B=P and A-B=Q. 

P O 

So that A=— and B- ^ 


Hence from (wi) and (vm), wclia^c 


61 



C:os P - Cos Q 1 Cos 


. r. P- Q 


P-Q 


2 


Cos — 


p.^O P-O 

ami Cos Q - Cos P-2 ^in — ^ 


5'2 Wi'itinc Hi', (>'•) ‘inrl vii) and (nii) in ilic revev-^e’ordci, 
\vc have 


2 Sin A C-t*s 'A li; A i> 

2 Cos A sin ii— si^^\ li Si,i (A B 

2 Cos A (V)S H- C'os A It) CV)s (A B 
.inrl 2 Sin A Sin It C os A B; (V.> fA It 


Very Important Note : — 


}n lli» ahnve ihrev oTliclc^, m tli’rivtd M- JoH'ivin^ fi^hl 

farmulot. These oic fxtrenul) mfiortinil .nui tht slndfrii i\ 'idiised 
Id m(oUr them rtf thoroughly a<i fi».\sihle. Of these, tie firit four will 
! noble the student to tranHo'" 'union difference inln fooiiucl, uhetrt' 
the I'l^l four wilt enable him !■> (hinf'im product into sum or differeru ■. 


1. Sin P’ Sin O 2 ''it. Co.s ^ 


2. ^in P SinO j 




IN (.) . . P- Q 


• I . 


C!i)S P • Cos 



P () 

• I 


t.CosQ CosP = 2Sm 


Pj (I 



•> 


o. 

iK 

t . 


2 Sin A Cos B“Sin (A B: f Sjj, a 

2 Cos A Sin It^Sin B/ Sm A 

2 Cos A Cos B - C,)s (A . K Cios A 

2 Sin a Sin B^C(k (A H C:ns A 


It. 

H 

it 

i: 


Note : — I Jn fiiriiiiild, t 


• I is or, tile, 





(a) The sludeni is adijisid to commiKdl 

as a result oj ivhuh they comma hlumi.rs <tej 
/ji well. 

Solved Examples 

Ex. 1. Express Co.s5('-C:o> 71/.,. a p.oducc. 

Sol. Here we have lo make u»e ^^7(i ' * ' ' 

place of Owe have 50 x'lnd in plate ol " 

7H-r>0 e. 

Cos 50-Cos 70=-:^ Sm :r 2 

.^•2 Sin (i0 J^in ^ 

Ex. 2. Express Sin UK as a sum or dill'cren.e. 

Sol. Sin3flSin50=-l[^^‘''^®^''' 

^?,[2 Sin 50 Sin ^10] 

(P/e/ise note these two shp^ ‘ 

Here we have to make use of formub No <S, U. pi > 

A, we have 60 and in’placc of B, _ 

.-. pSi„5(lSin3«l ' 

= 5[Co 5 20-Cos 8^] 

Ex. 3. Express Cos 1 1‘ f Sin 11 as a pi oclu. i 

Sol. Sin ir=Sin (90''-7‘J“) , 

=Cos79‘ [••■ ' 

[Please note this slip) 

.-.Cos Il°+Sm ir=Cos 11 i Cos7!i 

Here formula (3) is applicable- t ,,,■ 1 

instead of P, we have 79« a, rtl instead oiO.-v.el. ' E 
’ a. . r<i* ^ H 


Cos79HCo3 11°=2Cos 


!!L:'-iL Cos 




2 


=2 Cos 45'* Cos :M 



Note ; — licibre pulling the expression into ilic product foijn, 
Nve liave to express cithci* Shie into Cosine or Cosine into Sine. 

Ex. 4. Prove that Cos *20^. Cos 30^. Cos 40®.Cos 80° 

— 

Sol. L. H. S, 

=:Cos -20°. Cos 3(» . Cos 40^ Cos SO' 

= . Cos 20\ Cos 40°, Cos 80' 

O 

(-.-Cos .30== 


- /o 1 '^.. rv-i • 


4 ' 


v3 


(2 Cos 40= Ctis 20^1 Cos 80‘ 


{Please note this step) 
Cos xCos 20=1 Co.s 80= 


[Applying t’onnula no : 7] 


= '4^ [\ Cos 8u"'-*-Cos 2o' Cos 80°j 


(‘.'Cos tt()=A) 


= :Cos S0=-:-2 Cos 80= Cos 2o°' 

O 


9 


=-^ (Cos 80= i-Cos IO(t=+Co8 Ho”^ 

= (Cos 80°-f-Cos I00=“- i) 

% 

= ^- 12 Cos 01 1 ' Cos 10 rC 

(Putting Cos IoO'-^-Cas SO' into products fonn) 
_ V3 


Ifi 


R.H. S. 


(',• Cos 00==0) 


Cos 0-Cos 30 , . 

Ex. 5. Show that srn30+Sin0 

Sol. L. H. S. 


^ . 0+30^. 

Cos 0-Cos 30 - 

-Sin-30+Sin"0 Cos 

[Apply forinuU No. 4 foi the nume.aioi and toinmla No. ^1) 
for the denominator] 

2 Sin 20 Sin ^ 

"^2 Sin 20 Cos 0 “ Cos 0 

= tan 0— R. H. S. 


Sin^ A — Sin* B 

Ex. 6. Show that . . Cos A- Sin B Cos B 


=tan (AH'B) 

fK. r.) 


T LI o Sin^^A-Sin-B 

L. H. S. _ ^ Cos A-Sin B Cos B 

2 (Sin2 A^n^ B) 

" 2 Sin A Cos A -2 Sin B Cos B 
{^Please note this step) 

2 Sin (A+B) Sin (A Bj 

= Sin2 A Sin2B 

( 2 Sin A Cos A — Sm -A etc.,) 

2Sin(Ad-B) Sin(A-B) ^j^inJAl^ 

2 Cos (A+B) Sin (A- B) Cos ( A t Bj 

—tan t.\ rB)~R- H. S. 


Ex. 7. Prove that 

Sin 0+Sin 30 r (Sin 30+ Sin 70) 4,7, 

Cor0+Cos 30+Cos 50+Cos 70 


Sol 


(Sin 70 + Sin 0) + (Sin 30 i-Sin 
. L. H. S. = ..Cos 0} + (Cos 50 i-Cos 30) 


78+6 


t> 


(2 Sin 


(2 Cos 


Cos 


78~ 




7ii+e 


Cos 


2 

78 -e 


■) 


5fJ+30 ^ 6^-3\ 
- Cos 2 -) 

56—36 
Cos 2 


Ex. 8. 


+ ((2Sir.i^ 

+ (2 Cos ‘’7'*'’ ) 

_ 2 Sin 40 Cos 3t^ + 2 Sin 40 Cos0 
~ '2*Cos 4t/"Cos + 2 Cos 40 Cos0 
2 Sm 40 (Cos 30+Cos 8) 

~ 2 Cos 4rf'(Cos 30+Cos 8) 

Sin 40 
*” Cos 40 

If Sin 0=H Sin (0-r2oc) 


=tan 40 = R. H. S. 


Show that ian(0-i-a) = 


1±1 

I— « 


tan a 


Sol. We have Sin 0=« Sin (0-f2a) 

_Sm (0+2a) _ 1 
" Sin0 -~ n 

hy Componendo— Dividcndo, we have 

Sin (^"f^’^*^)j;i"Sin 0 l4-n 
Sin(0^2a)-Sin'0 = 

Now L. H. S. =5‘"(''+2«HSin ti 

Sin (f' + 2a)— Sm 8 

2 Cos 


2 Cos " t|?±£ Sin 


« + 2a-0 


o 


^ 2 Sin (0+a) Cos a 
~ 2 Cos (0+a) Sin a (^^+«)Cot t 

From (i) ^ve get 


t37 


lan Cot « — 


i-r« 

1-H 

l+« 


tan {0-^-9.. -j 


tan 31 


Ex. 9. Show that : — 
Cos (ae^-A) Cos (:t6 


.-,4'’ i-A Cos 'A' -A 

-C(ol'A 


Sol. L. H. S, 
i[2Cos (36° + A) C-m 311 “ -A' 


j Cos (:)4° -A^ X (Cos ,*)4' 

A 


Applying formula no. » , we get . 

= ^^[(Cos 72°+Cos 2 A^ + lCos loSN-^’o^ -A'j 

=«(Cos T>»+Cos +(Co. ^ CL 

= M(Cos 72 “ + Cos 2A- >-{ -c..' 'T r-Cos l>A)] 

Cos (rr-Uj * "Cos (I 

.it2Cos2A} CosJA K- H. S. 


liii) 

fv) 

•{0 
■ Hi) 
'(») 
(3) 
(0 
iii) 

Lm) 


EXKKClSh Vll 

Express the following in the prncluet form :- 

Sm3 0+Sin'^ («' Sin 6 ^l-Sin 4 0 

Cos2 «+CosS#' f/CCos^' Cns.‘. 

Coi» 3 A — Cos 7A« 

repress the following lo the sum foi m 

Co5 20 ^Cos 4 P” (») 

CosTA.SinSA ‘"i'' 2 Sm 7A. Sm 3A 

Sin 8A. Sin 4A (t"' 

Prove tliat 

Sinr,r+Cos 81° - Cos 21° 

Sin47° + Cos77°=Cos 17° 

Cos 17°-Cos 77°-Sin 47° 


Sin 7A. t-os 3A 



<8 


Prove the folloNs ing ■ 




'4) 


■fs) 




Sin a+Sin ^ 
Cos a+Cos 8 

Sin a — Sin ^ 
Cos oc-fCos [i 
Sin p + Sin a 
Cos p— Cos ot 
Sin a— Sin p 
Cos p— Cos « 


. Sin a-Sin p 
' Sin »+"Sin p 


. «+P 

=tan-^ 

a — P 

=tan 

^ a-3 

=Cot 

=Cot — 

a— S 
tan 

g+P 


tan — 


Cos P— Cos g «+P. « — P 

Cos P+Cos a 2 2 


. Cos9°+Sinn" 
^ Co^O^-SinO’ 


=-tan 54® 


yll) Show that iV -on (A+B) 

Sin A Cos A — Sin B Cos B 


{K.U. Inter. /960) 


Prove that : — 

Sin7A-fSin3A ^ 
Cos-7A+C^3A 

13) C“,f--^i3A 
Sin 3A — Sin A 

V, ,» Cos 7 A— Cos y A . 

' c- 7» a" A =tan bA 

Sin 9A— Sin lA 


Sin AH-2Sin 3A + Sm6A Sin 3A 

' Sin3A+2 Sin5A + Sin7A"Sin5A 

(iQ\ (A+B)-hSir^(A+2B) 

^ • Cos A'4 -C<»s (A-t-B)-i*Cos (A+2B) 




Sine+Sin2g-f-Sin4 0+Sin5 6 
Cos6+Cos 2 6+00$ 4 0+Gos 5 6 

Sin 4 0+2 Sin 2 0+J>in 2J " 
(18) • " 


Cos 2 0-Cos 4 0 
SinSe-Sm 0 


=tan 


0 


(1®) Cos3 0+2Cos2 y-7Cos 0 

(20) Cos (A+B)+Sin Sin (4o ; A)^-.^' 

(Hint — Put the K. H- into jam foim) 

(21) Cos (30- -A) Cos (36’n-A) + Cos iJ-l' 

„ A-B .. . A : 

(22) Cos ACosB=Cos- ^ ^ 

Cos2A.Cos3A-^^iA,Cos_JA-hCos A Cos loA 
SiiilASin 3A-Sin 2A Sin 5A 5.^ 

, Sin A+Sin 3A Sin 2A-f Sin 4A Sm 5A 
C5 s-A+C'5ITA'"Cos 2A+C0S 4A Cos 2A ( o. 

(23) If A+B+C+D= 180’, prove thai 

Cos2A-Cos2B+Cos 2C_Cos 2U ^ 

= 4 Sin (A : B) Sin (B + C) Co$ (C 
prove that : — 

4cos20».Cos4o.Cos80=J ^ 

@ Sin 20°. Sin 4o». Sin SO ■ Sin Oo' = ■ 

v(iii) Cos 20°. Cos 4U'. Cos 60°. Cos S«°=!/ (^■''' ’ 

\iv} Sin 20°. Sin 40 . Sm 00 . Sin SO 1.1 


:iA 


0 _V3 

\v) Cos 20^ Cos 30°. Cos 40°. SO - 


U. / 95 /) 


(oi) Sin —Sin _ . Sin 


■ i _ Att o 

10 




o 



Hvii) Cos 36°. Cos 72°. Cos 108°. Cos lU°=h 
(27) Prove that : — ^ 

^(i) (Cos x-f Cos 'Sin a— Sin p)*=4 

'^iVl (Coi a — Cos ^)®-MSin a— Sin Ji)*=4 Sin* 

V^fs) If Cos (A— B) =3 Cos (A -B), prove that Cot A. 
Cot B=2 

(29) Prove that ; — 

CosK+Cos f3+Cos v 4-Cos 

^-4 Cos “4±Cos Cos ’'4“ 

Tf 

“ Cos *(a-3) ~Sin {y4-S) 

Show that tan a. tan tan y=tan^ 


CHAPTER VI 

Trigonometrical Identities and Eliminations 

6.1. Identities. If.A, B, C denote .he ol a m.ngle 

ABQihen A+B--C=180''- iheuiguni.- 

A number of identic.il ‘V|lov\iiig examples will 

mcuical ratios of the angles. diese ideiiiitiet. 

iUustrate the methods employed m to 

6.2. Identities holding between Smes oj Oiut. nugks. 


Ex. 1. If A--B , C-IHtf. pvove tliat Sin 
2C=4'iSin A Sin B Sin C: 


Sol. L.H S.-Sin :iA l Sin :lB-t Sm HC 

^A-( 2B CosC: 

^2 Sin .y 2 

K •• Sin 

Sin C Cos C 

flSO^-Cl^SinC] 

=2 Sin aCo^A- 

= 2 Sin C[C;os(A Bj +Co>(18i )1 


{..■ C=:=l»" A H) 


2 Sin C[Cos (A B)-- Cos A . B) 

tr. -Cos(A- H)] 


, r. S- A=>1±AZ>1 Sin ^ - V '1 
=2 Sin C 2 Sin- Tj - 

l* ... * si:.. U t. 


" L t A Sin H sinC: 

..2 Sin C. 2 Sin A. ' 
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f 
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Note : — ^Thc student is advised to commit the above result 
to memory, as many interesting results can be dervded from it. 
Some of them are explained below: — 

We have seen that 

Sin 2A-|-Sin2 B-fSin 2G=4 Sin A Sin B Sin C 
(i) Replacing A, B, C by^ - - 

respectively, we get 

Sin 2 -4-)+Sin 2(4 — )-(-Sin 2 (4 ) 

=4Si„(^-f) Sin (^ - B ) Sin (f ) 
orSin(7r-A)-^Sm(77-B)-f-Sm',:r-C)=4 Sin( 

XSin (- 1 -- f )Sin ( 2 " -f) 
or Sin A-f-Sin B+Sin C=4 Cos-^ Cos Cos ~ 

['.* Sin (t: — 0) = Sin 6 and Sin 9 ^ 

Costal 

(it) Similarly, changing A.B,C, into --2A. 7^-23, tt -2C 
respectively, we ha\ r 

Sin 2(77-2A)+Sin 2(77-23) i-Siu 2(7r- 2C) 

=4 Sin {7r-2A) Sin (7r-i>B)Sin (r-2C) 
or Sin (277- 4A)-fSin(27r-4B)H-Sin (277-4Gj 

-4 Sin (77-2 A) Sin (7r-2B) Sin 
Sin 4A-;-Sin 4B -Sin 4C-4 Sin 2A Sin 2B Sin 2C 


Es. 2. If A+B+C= 180“, prove that ^ ^ 

Sin A-hSinB-:-SinC=f Cos-^Cos 

Sol. L- H. S. 

= (SinA+SinB)^SinC 

Sin I Cos ^ 

=i2Sin( im - — ;Cos- ^ . 

' - r- V 


(•■■ 


A • H 






( ; A— B 
:2 Cos —Cos 2 


c 


C 


-2 sin Cos 


Sin .i ) 


C /r jlziL-i 

= 2Coi> ,, ^C'Ob 2 

c Tf' --Sin6'‘> 

=l!Cos-:r 2 ^ ^ 

r f A — 11 •' 


AfB 


)] 




=2 Cos ^ 2 

^'2 Cos [- Cos Cos ^ ] 

6.3. Identities holding hdivecn Cosines of three anghs 

Ex. 3. UAMIC , Cos A Cos 11 Cos C 

Cos 2A---COS 2H Cos X 

.ol.L.H.S.= (Cos.Av-Cos.B)iCos2C 

=2 Cos (A - B) Cos (A - Bin-- Co 
= _H-:![Cos'18h’-C)Cos(A ) ' 
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= -1-2 Cos C[Cos (A-B)-CosCJ 
= -1-2 Cos C [Cos (A-B)-Cos (180'’-A-f*B)] 
= -1-2 Cos C[Cos (A-B)-f Cos(A+B)j 
= -1-2 Cos C[2 Cos A Cos BJ 
= -1-4 Cos A Cos B Cos C=R, H. S. 


Ex. 4. !f A -H -C = IS(t^, show that 

Cos A Cos B-Cos C=.| 4-4 Sin — Sin ^ 

*} •> o 

(K. cr. J952) 

Sol. L. H. S. = (Cos A-Cos B}-; CosC 

= 2Cos-4^Acos Sin^ 

4 

(V Co5 2/? = l-2Sin*/?) 
= I f 2 Cos^OU^ - ~)Cos - 2 SinS -- 

= 1 f- 2 Sin-^ Cos -2Sm*-S- 




2 ■ 2 
C r_ A-B 


— Sin 


. C 


] 


= 1 + 2 sin [Cos -Si„(90»_-±7^)] 

= 1+2 Sin-^(Cos 4^_Cos4+B ) 

= 1+2 Sin ^(2 Sin ;) Sin ^ ) 

= l-:-4 Sin-^Sin ? .Sin = R. H. S. 

Note :—The student is advised to memonze the above ideniUy. 


Ex. 5. If A+B+C=180‘ show tha, ^ 

Cos^A+Cos^B-Cos^ C^l A 

Sol. L. H. S-Cos= A+Cos^ , p 

= 1 - Sin^ A + Cos* B - Cos C 

= 14-(Cos--B' SinU)-Cos*C 

r,l ! Cos (A B) Cos (A-B^ ri-Cos-B ■''iirAi 
r. . Cos 'A = B) Cos fA-B)-C«s 

CC., > 

= ,_CosCCos(A-B)-Cos-C 

=l_CosC[Cos(A-BUCosC] 

, A _li' -i-Cos (180 A 
=-l-CosC [Cos ^A . 

= 1-CosCICos(A-B)-Cos(A,B)1 
^l..CosC(2 Sin A. SinB) 

= l_2SinA. SinB. Cos C 

Ex. 6 . IfA+B+C=180«,Show.hat 

A . B ^ 


Cos' ® 


.•> ' 


Sol 


^ ,, I 

/ ^ Sin ■ — 

o (i f Sin o ^ 

B .s ’ 

A . +Cos- 

L. H, S.= Cos« -p+ Cos o - 

1+Co^A ^ H:Co^^(^)_Si.r ) 

* 2 “ V >, 

(■.■ CosA=2Cos= '.r-' '“■ ) 

=''2*2 ' - to SIC. 


!ric.oc oo.c .his ^q.l 
A-B 


1 A+B p^^ i^'iL^-Siiv 

=2+ ^ (2 Cos-2 - ’ 
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A+B ^ A-B 


=2+Cos - Cos 

4 

=2-LCos ( 90 " Cos 


<> 

A-B 


Sin* 


2 

C 


o -Sin* 


2+Sin ^ - Cos ^ ^ -Sin* ~ 

•> •/ O 


2+Sin-§[CosS -Sin^^ ] 


-2-^Sin [Cos'^-^ Sin (90“- )] 


A-i-B 


c: 


A-B 


Cos 


= 2-rSm V[Cos ^ 

=2+Sin -|-[2 Sin Sin-^ ] 

= 2(1 i-SinAsin -^Sin 

Ex. 7. If A-; B- G = 180^, prove that ; — 


A+B 


r] 


) = R. H. S. 


Sin= f-Sin= ® T-.Sin-- ^ =l_,.Sin-^ 


B C 
Sin - Sin 


{P. U. 1949) 


Sol. L. H. S.=Sin-i ^Sin* --Sin- ^ 

_ 1-CosA I-CosB C 

. -rSm- - - 


2 




■'.■ l-CosA = 2 

C 


o 

(Cos A :-CosB'-rSin^ 

* • 

(Please note this step) 


= 1- 

i (2 Cos o ' Cos 

A-B 

’2 

) + Sl,r 

==1- 

Cos 

A+B-Cos +Sin‘T 

=1- 

Cos( 

' 90 ”--^ )Cos 

S •* ' 

A_B 
" 2 

Sin- 

* 

=1- 

-Sin 

|-c„ 

• • •! 

; Sill' 

C 

2 

=1- 

“Sin 


' —Sin' 


=1- 

-Sin 

G r A— B 

-2 [ Cos 2 

- Sin 

( 00 “ - 

=l 

—Sin 

^Cos 

-yV 2 

—Cos 

A -t B 
•) 

=1 

—Sin 

C* / A c - 

_(:> Sin .> Sin .> 

9 . \ 

) 


c 




-l-aSin^Sin 4'^’" 2 

«. «,». *— -'■“ ' ■' 
ties. , . 

Ex.«. If A+B+C=180",prove.l...t ^ 

A. » +,an “ >an ; ^ 2 “ 
tan tan 2^2 - ^r_ /9^9' 


Sol. 


• t 


A+B+C 

A -J. 

♦ * 1 ' 5 


IH<r 

„ C 
00 “ - - 


or tan 


(A + |) = <an(90’- f-) 
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By Cross-Multiplication, we get 



A 


C 


B 

C 

, ' A 

tan 

2 

tan 

2 

-f tan 

tan 


- = 1 — tan tan 


A 


B 


B 

t; 

. C 

or tan 

2 

tan 

2 

-ftan- 

— tan 

0 


+tan tan - 


Ex. 9. If A-f-B-rC=l80^, prove that 

Cot Cot i n-Cot ^ -=-Cot^Cot 


B 



A 

2 


B 

2 



A 




[*.* Cot (A -I B) 
“ Co4 


Cot A Cot B-l 1 
Cot A+Cot B~J 


k. 


By Cross-Multiplication, we get 

^ A r , ® Cot — -Cot - 
Cot -S' • Col-^ 2 


Col +Cot 


Cot-^ +CotY 2 

Ex. lO. Prove that 

Cot A+Cot B ^ _Cc«B:!:Co|X 

UnX+FaniT' tan B ^>an C 

A+B-i-C^lSO" 

Sol. L.H.S. 

t 1 


A 


Cot 


B 


.Cot 


B 

’T) 

C 


Cot C t-Cot A 

lanC.-i-un A 


1 . 


1 


I L 

A 

-ftan A 


(0 


I 1 i -r 

1 ^ r* tmC^ tan 

= tan B^ C ^ ^ ^ 

‘at'A + '“''® ^ un C; tan A 

tanA_i£!L| , «« ■ c tan ■ '‘''' ' 

- tanA + tanB tan ^ ^ 

1 4 - ,> , ,n C tari C-rian A 

= M A+un B+ tan B-rian 

la n C+tan A >12SJ 
~ l^irATt^rBTtan C 

ow A+B = 18"°-^ 

. tan (A+B)-=tanfl»'' 

tan A+tat} -=— tan C’. 
l^tan A. tan B 

Bv cross -multiplication, wc gci 

tanA.unB^-tan^K^A-;-^^.,, 

... tan A+tan B+tan ^ ^ ‘ 

Substituting this value of tan < 

tanA. tan B.tanC ^,,= R.H.S. 

L. H. S. — ^ B- tan C 


/ f). r=s— tan 

MH — 


\Nt' 
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Ex. 11. If .r-r^-f4:=:y'4:, prove that 
3x-.y» Sy~f ^ 3z~^ 
l-S.Y* ‘^l-3y 1-3^2 

_3y-a^ Zy-f 
"I-3y2' 1-3/’ 1—3.22 

Sol. Put .jf=tan A, B, and 2 =tan C 

Now we are given that 

s-^y-\-Z=xyz 

or tan AH-tan B*ftan C— Stan A. tan B. tan 0=0 (*) 

Now tan (A->-B-i-C) 

tan A + tan B-*- tan C — tan A. tanB. tan C 
”1 — tan A tan B— tan B tan C— tan Ctan A 

[Article 3.J (ni)] 

=0=:tan BTC from (i) 

or A+B+C=m7: 

3A4-3B+3C=3b- 
or tan (3A-f-3B+3C)=tan 3/177=0 

tan 3A+tan 3B-t'lan 3C— tan 3A. tan 3B. tan 3(J 
1 —tan 3A. tan 3B— tan 3B. tan 3C— tan 30. tan 3A “ ^ 

or tan 3A+tan 3B-rtan 3C=tan 3A. tan 3B. tan 30 

3 tan A-tan^ A^ 3 tan B-tan^ B^3 tan C-tan^ C 
1 -3 Uin* A 1 -;j tan- B ' 1 -.3 tan^ 0 

^3 tan A— tan^ A 3 tan B-tan* B 3 Ian C-tan=* G 
l-3tan=A ’ l-Stan^B ' 1-3 tan- 0 

3.v~a-2 ^3^-/ , 3.;-^^ 

1-3.X" ' l-.3r ’ 1-32- 

'Sz-z^ 

l—Sx- ' 1-3/ ■ l_3c^ 


Hence 


exercise VIII 

(A) Ideatilies holding between Sines of three angles. 
.lfA+B+G=180°, show that; ^ 

SinA+SinBfSinC=4Cos^, Cos ^ Cos 


. A 


'’2‘ Sin A+'Sin B— Sin C— 4 Sin^ 


Sin 


B 


Cos 


'^3. Sin 2A+Sin 2B j-Sin 2C-4 Sin A Sm B SmC 

^ 4. Sin 2A-Sin 2B f Sin 2C=4 Cos A Sm B C^ 

(B) Identities holding between Cosines of three angles. 

If A+B+C=180^ prove that : 

^5. CosA+CosB+CosC=l+4 Sir. Sin y Sm ^ 

u 6. Cos 2A+Cos 2 B fCos 2C 

— _ I —4 Cos A Cos B Cos C 

(/ 


7 Cos 2A+Cos 2B-COS 2C 

= 1—4 Sin A SinB Cos C 


{K.U. 1949) 

A ^ B-C,« B p Cos 

8. Cos—- Cos jj +Cos ^ C-ob -2 ^ 2 

Cos ^?=Sin A+Sin B+Sin C 

(P.a /94S) 

(C) Identities holding between the Squares of Sines and 
rin«j of three angles. 

IfA+B+C=180°. prove that 

9. Sin« A+Sin« B+Sin= C=l-2 Sm A Sm B Sm C 



10. CosSA+CkjsSB-l-Cos-C-l-iCosACkwBCos C 
And hence show that 

Cos A. Cos B. Cos C is less than 

(A*. U, Pn, 1962) 


[Hint L. H. S. is nccessarily-fvc. So must be the 
R. H. S. Hence Cos A Cos B Cos C is less than 


11. Sin 


s +Sm' 


B 

O 


-iSin“ .^=xl-2 Sin 


A 

o 


Cos 


B 




B 


4 » • »» 

— Sm" 


=rI-2 Cos 



13. 






2(H-Sin 



14. Cos- A4-Cos’ B— Cos* Ci 

1 — Sin A Sin B Cos C 




Sin- B ! Sin- C- Sin’ Sin B Sin C Cos 



(/)) Identities holding between tnngenh .md Cotangenfs of 
three angles. 

11 A f-B ‘ C=lKn , prove that 

V 

' 16. Uin A rtan B ! tan C^tan A tan B tan C 

17. Cot B. Cot C : Cot C. Cot A4 Cot A. Cot B=1 

(A‘. U. Pre. 1962) 

18. Cot ,, 4-Coi ® ' Cot = Cot Cot ® 
Col 

• I 


lA. u. n>$i) 


19. tan tan — h tan tan —+ tan ^ tan 


r 


=1 


{K. U, 1949) 

20. Cot A+Cot B+Cot C * - « ^ n 

=Cot A. Cot B. Cot C+Coscc A Cosec B xCoscc C 

(£) Miseellcneous Identiius 

If A+B+C=180“, prove that 

Sin2A+Sm 2 B+Si n 2C ^ ginA Sin A sin 
'SinA+SinB+SinC 2 2 2 

{K. U. 19S8) 

A K Cos C ^ 


Cos A uo&D I _ _2 

Sin B. Sin C ssn r. Sin A Cos A. Sin B 


CosB 

Sin C. Sin A 


23. U'x+J»+.C=V^ prove that 

9r 2v 2z 2x 

[Hint Result («) follows immediately by multiplying (*) 
by (l-x®)(l->*)(l-«*)] 

If A4-B+C=180^ prove that 

24. Cos 4-+ Cos -l -1 Cos^ 


2 

tt+A r‘ Cos 

=4 Cos Cos 4 


A B ^ 

25. Sin Sin Sin -j 

m 


Sin ^ Sin 


— H-4 Sin 
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6. 6, Eliminations 

No hard and fast rules can be laid down for elinunatinS 
Trigonometrical functions from given equations. However, if, 
for instance, from two given equations, we get Sin and" 
Co3 then we have 1= Sin* ^-f-Gos* 

Hence = l is the required eliminant as it is free from $. 

The following solved examples will illustrate the methods. 

Ex. 1. Eliminate $ from : — 

a Cos 6—b Sin fl=G 
b Cos 0 — c Sin 0=d 

Sol. Squaring and adding these two equations, we get 

a*(Co3* t^)+i*(Go3* 0+Sin*0) =C*-f-d* 

or a‘^-^fr=c^-^r- 

(•.* Cos*? fSin*tf=l) 

which is the eleminant. 

Ex. 2. Eliminate 0 from the equations 

X Cos 0-}-y Sin d=c 
a Cos 6-i-b Sin — 

Sol. We have x Cos B-^y Sin 0— c=0 

n Cos 0+6 Sin 0— d=0 

By Gross-multiplication, we get 

Cos 0 _ Sin 0 _ 1 

bc—yd dx—ca bx~~ay 

Cos 0= and Sin 0= . 

OX— ay bx—ay 

Squaring and adding these two, wc get 

l=Cos* 0+Sm*e=(' -^ -- ~'-^^ )* + ( dx~ca \^ 

\ bx~ay ' \ bx—ay f 

or (6i:-_>'d)2+((iv-fa)2 ^vhich is the required 

eliminant- 

Ex. 3. Eliminate 0 from the equations : — 

.v=a Sin B \y—b Cot 0 
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Sol. From the 

* ^ / o*— X" 

Sinfi=— .--cot — 




the j^cwwf equation, we get. 



i 

A 


fA 


Jai^m 


y=b. 


V 




or ^f=bHa--^) 
which is the required eliminant. 

4. Eliminate 8 from 

Cosec 9-Sin 0=m and sec e-Cos 

Sol. From the given equations, we get 
l-S-«-Sin9 or 

and 1-Cos* 9=n Cos B or S.n 

Now Cos 2 0=mSin0 

and Sin* 0=rCos5 

/, By dividing (ii) by {*), we get 


tan* S= — Cot S 
m 


or 


tan^ 


n 

m 


or tanO 


& 


n 


\ 


V i I 


Sin 0 

m*H" ” 

/~‘3 4 

and Cosec d= - ^ 

. .,a c«. . a * «»'“ 

C^e-Sin»=i".«'^Save 
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</ t ' t 
3_L ^9 


m ^ 




n 


h 




- =m 


m 


* 

s 


or 


n ^ ^ m «* 


— in 


m 


z 

a 


or 


V * 


m 


n’ 

or— , , ^- 

n« 


•=t mn ^ 


. -m * n 


or m 


f I * =(ffin) * 


Which is the required climinant. 

EXERCISE IX 


Eliminate 0 from the equations : — 

1. CO ;f=:a Cos (^,_>F=a Sin 
(«) x==a Cos 0,y--b Sin 0 
(hO x=a Sec y=b Coscc 6 
(iv) x=a Sec 9, y=b tan 

(y) x~a Sec 9^ y^b Cot 6 
(0 ^=.Sin 04-Cos 0,>=Sin 0-Co3 6 

(n) jr = 5 Cos 0—7 Sin 0, j»=4 Cos 0+9 Sin $ 
(m) :J tan 0+Scc 0=^, Un 0-Ser. 0=^ 

'V— Sin (0 + x),_v=Cos (0— jS) 

, ax by ^ 

Cos0 'Sin 0 
<ix Sin 0 , by Cos 8 

Co8»0 '^Sin2 0 ; 


,5. ^=Cos- e-Sin^ e,y=-l Sin 6 Cos « 

«. *=(iCos29,>=i Sin 0 
7 . *=Sin fl+Cos 9,j'=Sin“ 9 ' Cos= 0 

Iftan 0 t’ Sin 
and tan ^-Sin 
prove that m- -«^=4V mn 

Eliminated and 9 from 
Smd + Sin 9 =/' : Cos 
and Cos (d-?)=r 

m. If x='j' Sin d Cosv 
y=y Sin d Sin 9 
4 :=Y Cos d 

Show that x^-\-y^ 4-^'= 



CHAPTER VU 


Trigonometrical Equations 

7.1 (a) lvalues of Sine. 

Wc know that : — 

Sin ^=0 

Sin 7r=(i, Sin 3 jt= 0 
Sin 4n-=0, and so on. 


If Sin ^=(». then e^{\, tt, '2n, 3rr, 


or 


where or anyolher !-ft or -r? integer. 

Hence if5jn ihen 

"=H» where n=0, 1, 2, 3. 

(/») values of Cosine : 

VVe know that : — 

Cos =». c:os = Cos4 = 0 , Cos2;.- . „ ^ ^ 

♦ . If Cos 0“-O then 




♦1 


) 


or any odd multiple of 

* •> 

Hence if Cos 0=0, then 

^ - I wheic « i», l.L’, 3 

7 2. Fmda gemral expresCnm fur fwgUs having the same sine 


Sol. Let « be the least angle, positive or negative, having the 
same sine as Sine S. Then Sin ^ ^ 
or Sin d— Sin a==0 


or 2 Cos-^— Sin o 


Either Cos ^ ^ 


n 


[article 7 {h)] 
or 0=(2y+l)^^”® 


^-a 

or Sin ^ 


(article 7 {a} 


or e=^->pTT-a (2) 

\/4 ' 

Combining results (1) and (2) we get ^ 

whre n is^c cr a -v>J r 

combmdi unit agues with usuU U) U 

“ ®“‘ ■ f .11 »np/« A'ti'ia? the «tme 

Cor. find a general expression fa, all angles 

Cosecant. 

Here Cosec 0=Coitc a 
Which gives Sin 6=Sin a 

(This is the same as article, 

7*3. finti a a/>r«iian for nil ^ 

Sol. Let a be the least angle having the 
as Cos &. 

i.e. Cos 0=Cosa 
or Cos a— Cos 0—0 

0+«c- ±Ji-=0 

2 Sin 2 


d-r<f. ,, 

Either Sin =« 

0 + a v_ 
Which gives-2* 


Or 


Sin 


=0 


or 


0=2Kw-a 


2 
0-a 

Which gives — ^ 
or 


0 = 


im 

2/w^-a 
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Combining these two results, wc get * 

B=2njT-±7. where n is zero 
or a positive or negative integer. ' 

Cor. Find the general expression for all angles having the same 
Secant. 

Sol. Let a be the least angle ( -t-ve or ~ve) having same 
Secant as Sec B, then 

Sec t' -Sec y. 

Which gives Cos 7. Cos B 

(This is the s.ame as article 7.:^) 


7.4 

tangent. 


Find the i^eneral expression for all angles having the same 


Sol. l-et a be the le.tst angle having the same tangent and 

tangent B 

■ tan tan a 

b in B ^ Sin a 
Cos 0 ~ Cbs B 


Sin B ( ifis a - Cds 0 Sin 7 
i:os B Cos a 
Sin (B-x) 

Cos 0 Cos 7 


Sin (B- a)-ti 

Which gives B-a. -nn [article 7 {a)] 

B nTT'-a 

Cor. Find the general expression for all angles having the same 
cotun^ent. ^ 


Sol. 


a be the least angle { - ve or —ve) having the Same 
Cotangent as C;ot /?, then. 

Cot B = Cot a 

whic h gives tan tan o 

i Thls is the same as article 7'4) 


Not. : In aU the cos., find « 

tmt it in radians. 

Solved Examples 

t%. I. Solve the following 


(i) SinB=f- {;i) Sece:^-^3 («'0 


Sot 


(t) Sin 


Here the least angle for whicli 


Sin' 


2 

V3 


is 60 

IT 


=6(r= 


• * 


i\n ^ 

Hence — 1) 


(article 7*2) 


(«) Sec 6- 
Cos 0 


V3 

V3 


Here a=30° — 


6 


Hence 0=2n7ri' 

(iu) tan«=V3 


6 


Hence 0=n7 r+-^ 


(article 7'3) 
Here a=60°= 2 
(article 7*4) 


“ b..~* • ■"> =■ “ 

. 27r 

qua^on is 120 or ^ 


i). )■ ’•-» 


Cos Cos 


2n 

3 
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Hence ^=2n7ri 


2v 


(iV) Here tan 0=~ 1 

The least angle lying between d and 2ir and satisfying tfie 

3-. 

given equation 135° or= - - - 

4 


0=nTr~h 


Stt 


/ 

(nV) Here Sin and the least angle lying between 0* 

and 2n and satisfying this equation is 210® 


or 


/7T 

t) 


0=hjt-^(7)" — — 

Ex. 3. Solve : — 

(I'l C:os!)e=^^ (,V) Sin 20=2 Cose 

(ml 4 Sin- 0=3 


Sol (/} Here C^os ii0= * —Cos - 

V2 4 


* • 


whicli gives 


4 


0 


(ii) Here Sin 20 -2 Cos 0- ii 
or 2 Sin 0 Cos 0-2 Cos 0--(( 
or 2 Cos 0 (Sin 0 - 1} =„ 
either 2 Cos 0=0 
Cos0=O 


] 


or Sin0-la(y 


• ♦ 


9=(2n+l) ^ Sme=l-Siny 

e=pii+(-l)’-o 


(iii) i Sin' 9=3 

\/ 3 

This gives Sin 0=± 


Now 


V 3 c „ 

Sin0=-V-=^'”'3 


Again, 


Sin 9 =-^=Sin(-+ ]) = 


C- ^ 

Sm 3 - 


4 ^ 


« 

a • 


or 


0 =:p 7 r+('-l)^ ' 

0=/m-{-l)^-3 ifwctakc-.;^ angle. 

.. .lvalue of 0 which satisfies 

Ex. 4 . What is the most general value 01 

<he equations :— 

Scc 0 =-\/ 2 ; Cot 0-1 

Sol. Sec 0=-\/2 


1 

or Cosfi= ^2 4 


# • 


0 = 2 /nt± 


Stt 


( 1 ) 


AlsolCot e^l 


TT 


tan fi=l=tan 4 


0 =fln 4 - -4 


( 2 ) 


$ 4 
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Clearly tlie values common to (l) and (2) arc given by 

4 

Ex. 5. Solve the equations > 

(i) Cos 3 tf=Sin 2 6 (,V) tan n^=Cot mP 

{Hi) 4 Cos^ Q — 4 Sin B—l 


Sol. ((■) Cos 3 ^=Sm 2 $= Gos(-| -2 o) 

or 3 e=2„n± (i -3 e) [v «= ^-2 «] 

or3 9±2 


or (3±2) e=Un±l) Z 

m 

• (4n±l)7r 

2(3±2) 

{ii) tan nff=Cot me=tan(" -md ) 

„r„(;=K,r+ [v a=|-„e] 

nr (n+m) B=hr+ J 

„r („x„) 

-( 2 M. 1 ) -I 

m-fn 

Hi) 4 Cos- ^-4 Sin ^=1 

<T 4(I-Sm3fl)-4Sm 0-l=.a 

{Pleasf mU fhif Sltp.) 


or 4 Sin- (^+4 Sin 0-3=0 

. -4±Vl6+48 -4i:8_, g 

or Sin 0= o “ g “s» 5 


Now Sin 0=4=Sin ^ Here a 


6 




0=h 7:4- (- i) 


7C 

J 


The second value being- 1 is impossible because Sin 0 
cannot be numerically greater than 1. 

EXERCISE X 


Find the most general values of 0 satisfying the equations 


J. 

Sin 20=0 

2. 

Sin0=i 3. 

Sin 0=- 

-1 

4. 

Sm 30— 

5. 

Sin 0=/» 6. 

Cosec 0= 


i > 

Sin 20= Sin 2a 

S. 

Cosec 0=Cosec a 



0. 

Cos 

10. 

Cos 0= — 2 11. 

Cos 40 

_ V3 

2 

12. 

Cos y=P 

il3. 

Cos m0=Gos n0 



14. 

n 

o 

11 

< 

15. 

tan 0= — 1 



16. 

s 

II 

17. 

tan 0=/» 18. 

Cos 3.v= 

=Sin 2x 

19. 

Cos w0=Sin n0 

' 20. 

tan 20=Cot 50 



21. 

Cot- 0=3 

22. 

tan 30 tan 50=1 




. 


(Hint 

-tan 30= 

Cot 50; 

23. 

0 tan' 0 -1=4 

tan'^ 

0 




24. Sin*0 2 Cos 0 + 1=0 

25. 2 Cos'^ 0-7 Cos 0+3=0 

26. Sec*0-6Scc-0-!-H=O 

Find the most general value of 0 satisfying the following 
equations simultaneously 

27. Sm0=- i and tan 0= 


^6 


28 . Cot — "v/S and Sin ^=s~i 

29 . Sec 0 =-V 2 and Cot 6 = 1 
Solve the equations : — 

30 . Cos(A~B) = A and Sin (A-fB) = | 

31 . Cos f 2 .v - ;jr) = l and Cos f3x-i*2) = ^ 

• • / •> 

{P. U. 1944) 

32 . tan(A + B-i-C} = v'a 
tan (A - B -- C) = 1 

and uin (A -i-B-C)= 

v:i 

7.5 Solutioti of different types ofTrigonometrkul Equations. 

{a) Equations of the form a Cos fl+i Sin (f=c 
In this type of equation, we proceed as under ; — 

Put a~y Cos 9 and h~y Sin 9 where v is n+ve quantity 
Squaring and adding, \ve get 


/ " h 

■v/n* + /,8 -Y and by division, we get tan 9 = - After mak- 
ing these substitutions, the giv.m equation is reduced to the 
following form y 

Cos 9 Cos (J-t-y Sin 9 Sin 0 =C 
or y Cos (^-9)- C 

=Cos«(Say) 

• By article 7 . 3 , we have - 9 = 2/1 n-d:tx 
Which gives 0 -: 2 /i rr4-a+9 


Where tan 9 ' Cqs - 

Note The equation a Cos ft -'.-h Sin can also be 
«oKfd by the substitution a = y Sin 9 and // = y Cos 9 and we ffet 

.'he,e I'dTifo'i '"“hods. But 

■he,,e do d.llcr Iron, earh olhc a. all, which is shown below 


Ex. Solve the ecjuation yS Cos ^-fSinO— V- 


Sol. First method : — 

Put \/3=Y a and 1 =^y ^ and tan a= 

or a= -^Now the given equation is reduced to y Cos {^ — a) 

6 



or Cos 

or 

or 



Cos 


n 


(article 7*3) 



= 2 nw i -|- 




Secood Method : — 

Put V^— Y ^ 

So that 2=y and tan '/=v'3 

TT 

or « = ;}■ 

Is’ow the equation is reduced to 
y Sin {0d'a) = 

\/2 _ .1 Sin " 

or Sin (0^ «) = y — 2 ~V2 ' ^ 

or 0q.a=,i7r-(-l) ^ 

0=n 7r-h(— 1) ^ 

=nfr-y(-ir“^“X 

We shall now show that solutions (1) and (2) are the same. 


When n is even. ■ takes the fbi-m 

y- 

4 a 

When « is odd, {‘2} takes the form 


i.e,, 2k7T 


n 

12 


{2m- ])7T 


or 2i)i r 


7T 


4 


. In 

• I w 177 TT TT 

1 2 


077 


12 


Now (2 1 takes the Allowing two fonns ; 


Kim 


/ ’ 2 /; 7 T 


Off ff 


TT 


12 


and 


!' 2>n 


•>..i - 

•* 


Off 

12 


12 4 r, 

Hdicf 1 2 can be pul i 


and 




12 


K 


2 n ff 


^ ■ j. whith is lilt- .sinie as solution ^1; 

Note i 2) Tk sluknl /j al hbnh lo adopt klkr th( First Muhni 
>■' aiCi'Ua .Method. 

(M Equaliom Tcdic.il'h tu (he j'orn. 

a Cos : b Sin O — i . 

fcx \/2 See 0 ■ tan 'l I 

Sol. 1 his can be put as 

1 •'sin <’■ 

^ ■■ t:os a " Oi.s /' ~ * 

"1 \ 2 Sin f/ 

iv be «iv«i 

.C) ICquotum inudi 'wii morf (hati mi/!iifde nn^Us- 
Ex. .Sol\e ilir equation 

‘ \ C^»s av-j- {.;os:u .M 


Sol. The equation can be written as 

(Cos 3 *+Cos >:)+Cos 2x=0 

3xH-x ^ 3x— X , o*.— n 

or 2 Cos— ^ Cos — ^ +^'OS -r u 

or 2 Cos2x Cosx+Cos 2x=0 

or Cos2x(2Cos.x+l)==0 

On^Ov_o ' or 2 Cosa+1=0 

1 which gives 

which gives , Cosx--i 

2x=(2n+l)-2 I ^Cos % 


or x={2n+l)-| 


« , 27r 

or A=2n7: ± 


Solved Examples 


Ex. 1. Solve the equation 

Sin X— Cos x—y/2 

Sol. Sinx-Cosx=V2 

pQt l=y Cos 0 and l=y Sin (i 

So that V2=y and tanff=^ 1 or 

nation, therefore, takes the form 

y{Cos B Sin x-Sin B Cos x) = ' 

or ^2 Shi (x-^') = ' 


(A-. U. Pre. 1962) 


The given eq- 


V2 

V2 


Sin(x-H)-1= Sin-| 


.V — H7r + ( — I) — g 




or 
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Ex. 2. Solve the equation 

Cosec 0=\/3 +Cot Q 

So!. The equation can be reduced to the form -v/S Sin B 
+Cos 0=1 


(Multiplying both sides by Sin 0) 
Pul \/3=r Cos 9 and 1 =r Sin 9 

So that '2=r and tan 9= — ^ or 9= 


The equation becomes 
r Sin (0-f-9)=:l 

or Sin (0-f-9)=J = \ =Sin — 

r 2 

or 0 + 9=n7r + (-l)~” 


or 


0=n7r + (-l) 






Ex. 3. If tan (tt Cos 0)=Cot(7T Sin 6) 
Prove that : — 


Cos 


\ 4 / 2v2 


Sol. 


tan (tt Cos 9) =Cot (tt Sin 9) 

Sin 9 


) 


77 Cos 0= — —77 Sin 9 


or Co3 0+Sin0=i 
Putting ! =y Cos a and 1 =y Sin 


7C 

6 




we get :-(<) V2=>' (") *= T 

*, the equation takes the fonn 
y (Cos 0 Cos a+Sin 0 Sin a) = A 

or Y (0— a)=i 


or 


V2 Cos( 9- ^)=; 

Cos(9- ”) = 


1 

> '/O 

- 


Ex. 4. Solve the Equations 

Cos 5 0-Sin 0=Sin 3 0-Cos 3 0 

Sol. The equation can be put as 

(Cos 50+Cos 30)-(Sin 3 0+Sin 0)-'O 


or 


60+30 ^ 
2 Cos- — Ti — 


30+0 
0 


^ 30-0 

Cos — ^ 


or 2 Cos 40 Cos 6-2 Sin 20 Cos 0-0 
or 2 Cos 0 (Cos 40-Sin 20) =0 


Either 2 Cos 0=0 
which gives Cos 0—0 

or 0=(2n+l)^ 


or Cos 40 -Sin 20=0 
or Cos40=Sin20 


or 


=Cos ( 2 "^0 

=-±(i ) 


or 40±20=n’r± 2 
or (4±2)0 = (2n±l) 2 

/. 0=(2n + l)j2^nd0 = (2n 


J - 


t02 


EXERCISE XI 
Solve the following equations 

1 . Sin 0-|-Co3 y'2 

2. Co3fl4-V3Sin ^=V2 

3. Cos Sin (?=2 

4. Sin^-Y^3Cos 

5. Sin 0 — Cos \/2 
tt. Cosec P=Cot04-\/3 

7. VS Cot 0=2 Cosec 

8. -\/3 tan 0 — 1+Scc0 

9. Cos 30 -f- Cos 50 = Cos 0 

10. Sin 30-Sin 0=Sin 20 

11. Sin 70~Sin 30=Sin 0 

12 . Sin 0-.Sin 30-Sin 40=0 

13. Sin 2t-LSin 4-v=Cos A + Cos 3x 

14. Cos 20-5 Cos 0=2 

15. Cos w0=Cos nO 

16. Cos m0==Sin n0 

17. tan (~ Col 0J=Cot ton 0) 

18. Sin »i0 = Cos /j0 

19. Cos3A=Sin.ir 

20. tan 3A=Cot a 

21. 2(Sin* 0 fCos^ 01 = 1 

22. Cos 30-r 8 Cos> 0=0 

23. Sin .30 = 8 Sin- 0 

24. Cos- 0 -Clos 0 Sin 0— Sin^ 0=1 

25. tan 0-^tan 20 + tan 30=0 


CHAPTER Vm 

Relations between the sides and the angles of a 
triangle. 

8.1. In the present 

lant relations between the sides an ■ things like 

The student will thus come across m.ny^ mp- 

“Sine Formula ’, “C.osme l-mmuh , . ^dhe triangle 

For the sake of convenience we den ^ ^ opposite to 

ABC by the capital letters B ° 

these angles by small letters ft, // and 1 

8.2. iiitie Fonnuia 
J’o prove that in any triangle ABC. 


(t 


Sin a" Sin B Sin C 

the bines of the angles of a triangle .ire piopomonal 
opposite sides. 

Proof In the A^BC 

draw AD LBC: or liC- produced 




Ftg. (d) 
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Case' I. Wiien 
ABC) is an atuie 
angled triangle. In 
the rt. ^ d , ABD, 

-f = Sin li 

c 

AD- c Sin 

Also, in the ii. 

Z\ ADC, 

AD .. .. 

^ = S.n C, 


AD^tSin C... 

• • • 

liom {ij and (/i\ 
\vc have f Sin B— i 
Sin C 

r h 

4 

Sin C. Sin B 
Similarl), 

__a l> 

Sii) A~Sin B 
Hciuc 

Sin A 
_ c 

~Sin B Sin C 


Ccic II. When 
ABC) is a rt. 

In the rt. j. d 

AliC:, 

.'. AD t .Sin B...(() 

Also AD AC: 
AC Sin C 
•-•Sin C- Sin 00 

n 

AD b .Sin C 

...{ii) 

frnin j and {ii) we 
h.;vc 

Is Sin C r Sin B 
b c 

Sm It Sin C 
Siinil.iilv 

^ b 

Sm A Sin B 


Heme 




>>in A 

b __ <r 

Sin “"Sin C 


Case III, When 
ABC) is an obtuse 
Z-d In the rt. 

.:id ^ABD,— 

-Sin B 
AD“r Sin B 

•■•(0 

Also, from the 
H. ._d AACD, 
.\D 

‘ -Sin (tt-C) 

-=Sm G 
••• AD -b Sin C 

(roni (i,i and (ii) 
w t get /> Sin C— ^ 
Sin B 

0 c 

SinB-^SinC 

Siniilarlw 

Sin A Sin B 

Hence ~ 

Sin A 

c 

■ SinB "SinC 
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Note -.-The student « aduised to draw all the three fibres and 
derive the formula from all of them. 

Solved Examples (By means of Sine Formula.) 

Ex. 1. Prove that in any A ABC 


a Cos 


B-C 


-,{b-\-c) Cos 


6+f 


B^C 


(A; U. Pre. 1962 ) 


Sol. We have to prove that 

u r ^ B-rC 

a Cos - - Cos 

Which is the same as 

B+C 

Cos 

a ^ 

B-C 

Cos — 


- — jt (Say) 

N‘''^^A"=SinB “Sin C ^ 

•. a=k Sin A, b=k Sin B, Sin C 

a A Sin A Sin A 


L. H. S. = =A(Sin B+Sin C) Sin B+Sin C 


A ^ A 
2 Sin ”2 Cos ^ 


2 Sin Cos 


B-C 

2 


Cos ^ Cos ^ 
Cos Cos 


A ^ B+C \ 

•;(i) Sin ~Y ( 2 “ 


2 / 


Cos 


B+C"l 


2 

A 


I 

I 


B+C /JL' A-'l = Cos , 
(ii) Sin =Sin(-J if ,2 


m 


Cos 


B-t-C 


Cos 


B-C 


=R. H S. 


Note : — JfpoSiibU, small letters should be kept on one side before 
ihe question is attempted. 

Ex. ’2. In any triangle ABC, prove that 

Cos B c—b Cos A 


(0 

(n) 


Cos C b — c Cos A 


(7_Sin (B-C) fC-A) c Sin (A^) 

b^ — ri — - “ — 




{K. U. 1961) 


Sol. 


R. H. S. 




Cos B c~b Cos A 
Cos C b — c Cos A 

c —b Cos A k Sin C—k Sin B Cos A 
b—c Cos A k Sin B—k Sin C Cos A 

f ‘. b=k Sin B and\ 
\ c=A'SinC / 

_Sm C~Sin B Cos A _Sin A+Bj —Sin B Cos A 
Sin B— Sin G Cos A “Sin (tt— —S in C Cos A 

Sin (A+ B) -S in B Cos A p . . 

“Sin (C+A)-Sin C Cos A'1 ' ^ J 

Sin A Cos B+Cos A S in B — Sin B Cos A 
“Sin C Cos A+Cos C Sin A-Sin C Cos A 

Sin A Cos B 


Cos C Sin A 


Cos B 


=L. H. S. 


'CosC 

a Sin (B-C) _k Sin A Sin ^B-C) 
6--C2 -k^ Sin2 B-l2 Sin^C 


^ii) 


L (’^-B+C) Sin (B-C) 

^ * Bin= B-Sin2 C 


1 Sin (B+C)_Sin (B-C) 1 

= k ■ Sin (B+C) Sin (B-C) k 
[-.• Sin^ B-Sin- C=Sin iB+C) Sin (B-C)] 

Similarly, we can show thai 

b Sin (C-A) ] 

mi 

, aSin(B-C)_^CSi;^=^5;^:^®^=i 

Ir—c- ^ 

■ ABC if a Cos A i Cos B, ihen the 

or k Sin A Cos A-/: Sin B Cos B ^ ) 

or Sin A Cos A = Sin B Cos B 

2 Sin A Cos A^lSinJto B 
or o' 

or 

or 
or 
or 

Which shows that the triangle is isosceles. 

Again, Sin - [..• sin {rr-^) =Sm 0 

= Sin (tt — -iu; '• 

QJ. 2A=^r-2B 

or2(A+B)=" 

which shows that the A ^ 
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8 . 2 . 1 . Napier's Analogies 

'I'o prove that in any triangle ABC, 


(0 tan 

B-C 

b—c 

Cot 

Ji 

“ 2" - 

b+c 

.> 

(u\ 

C-A 

c—a 

Cot 

B 

\H) lan 


c-ra 

• > 

{Hi) tan 

A B 

a^b 

Pi^t 

c 

O " ” 





Proof -. — We shall prove only one of these analogies : (i) (Say), 
The remaining two can be proved similarly. 


/•V B-C 
(t) tan - - ■ 


Co, 


b-^rC 

This is the same thing as : 

B-C 

b-c 


tan 




Col 


A 


•> 


or tan 


B- C 


R.H. S.= 


tan 


b~c 


b-rj: 

\ 


A 


b-c 

b-tc 


/ 

f. 

\ 


1 

Cot-t 


• =tan 


•> 


b-c 

K. Sin B— K. Sin C 


K Sm B r K. Sin C 


Sin 

B— Sm C 

.> Co. '’ + C 

Sin 

B-c 

9 

Sin 

l>-‘-Sin 

c “ 

L- Sin + ^ 

Cos 

A 

^ c 

Cos(f 

- 1 

1 Sin 

.> 

^ ^ Sin 

o 

C- B-c 
Sm 2 


.> om 

0 

Sin(f 

-4) 

i Cos 

Cos 

1 

tc > 

^ B-C 

Cos 2 


Sin 


Cos 


B-C 

2 

B-C* 


Sin 


Cos 


2 


*) 

A 

2 


B-C 


r=ian 


tan 


=L. H. S. 


Projection Fortnulae : 

In any triangle ABC, show that 
a=^b Cos C+c Cos B 
b=cCosA + <s CosC 

c^aCosB-\-bCosA 
a^b CosC+cCosB 

=K^Sin^B^Cos C+Sin C Cos B) 

ssK Sin (B+C) 

=.KSin (180“-A) 

=KSinA=a 

We can similarly prove formulae (n) and (m) as we . 

. ^ t t //^ r«r j 


8.3. 


(0 
(«) 

and (i«) 
proof', (i) 

R.H. S. 


Aiurttniivt Method (G 





In the A ABC, draw AD X BC 

Now fl=BC=BD+DC 


But 


®P.=SmB BD=cSinB 


^=Sm C DC=4 Sin C 

Hence <i=c SinB+6 Sin C 


< \<^ 
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Note : We have taken the iiiungle ABC as an acute>angled 
triangle, but the formulae can be derived from any 
triangle, acute, obtuse, or right-angled. 

EXERCISE XII 

Pio\ e the following identities in a triangle ABC : — 

w A — B , . ,, C 

J. c Sin r-frt — /») (.os 


Lb rCos ■ A' Sin ^ 

. \ 

3. a Cos A : h Clos B=f C‘os (A — B' 

4. c (Cos A -{-Cos li Cos 0=6 Sin- C 

5. Sin L* B /,-■ Sin 2 A^-Hab Sin (A- B' 

" ti. h"—c-~ii ros C — c Cos B 

7. Cos 'B C- -6 Cos iC Al-ft- Cos [A— B) 

=Sin L* A-f Sin 2 B-rSin 2C 
's. a Sin B C‘ ■ h Sin C A)4-r Sin fA-B)- O 

a Cos B b Cos A Sin- A Sin- B 

"" ^Sin~Cr“ 

I", n Sin A I 6 Sin B ; Sin C- i’ ,, si„ B Sin C- 

, , Sin ^A B) a~ - 6- 
' ' Sin (A B' 


In .m) triangle \BC. pio\c th,it ; 
12 . 


13 


«Sin C _/,.Sm^C A . sin lA -B) 

- a^. bi- 


b See B , ( 
tan B tan C 


c Sec C-f- Sec A 
t.an (’ tan A 

^ Sec A : b Sec B 


«an A ‘ tan B 


P.V. mi') 


14. In any AABC, if 


C’os A 


a 


Co^ 

~b 


Show that the tri- 


15. 


c 


16. 


17. 


angle is isosceles. 
IfC=60^ show that 

1 1 


3 


<ji-c 

In a A ABC, show that 

:;AJ Sin '1^ + 

■ A 


• « I •• 

O' Ir 


Sin I*c=<' 


If the sides fl, c ul a A ABC are in A.l*.. show Uiai 

C» -= a. 


18. U AA = (iO^ prove tliat 

B-C 

b-}-c='2o Cos 


8’4. Cosine Formnlo 

In any triangle ABC', show tliat : 

(,) CosA= 


[it] Cos B=' 
and (m) CosC = 


c--ra-~b^ 

‘Icn 

2ah 


Where a,b,c denote die sides of B(;. fA, and AH 
respectively. 


proof : (i) We have to prove that 


Cos A= — 


We will lake three different figures, i-e. 

AA is acute, fig, (ii) in which A A is obtuse, an< ?■ ^ 

which / A— 90 
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From ihe acuie- 
anRlccl .‘.ABC (acute- 
anglccl at A ' , we 
have. 

13('2 = f:A2-‘ AB*- I 
2CA.AD 

or ,r— 

■2b. AD 


litj. 

From the obivise- 
aiiglctl .'',ABC. >ob- 
tuse-angled at A; , i 
\vc have. 

BC’*=C;A--rAB--- 
2 CA-AD 


or :-c2+ 

2b. AD 


From the right- 
angled A ABC 
(right-angled at A) 
we have 

BC==CA- + AB- 

or £i^=6®'fc“ 

=b--tc--'2bc 
Cos 90“ 


But ^ ^ -Cos A 

V ‘ 


or AD — c CoS A 

Cos A 

Hence Cos A 

— a* 

"" 2bc 


But 


VD 

C'. 


CosUO^-O) 
=6-4-f- - 
2bc Cos A 


=Cos{7r— A) 

— — Cos A 

AD= - CCo5A 

(ii-(,i~^ci—2bc '(■•' Cos A=Cos 90 ) 
Cos A 


Hence C.os A 


2bc 


Hence Cos A 
~ 2bc 


8.5 Deduciion of (>) Casitu fo.mul.i and («) Projeclion 

formula from iSiW formula 

s.,. 

= K"-!Sin=B+SinBSin 

-.= K.^ Sin B {Sin B -Sin T V - A) 1 
= K-^SinB ;Sin 

:=:K- Sin li {:i t'os -M 

=KSinB.2KSmC._^C..^ 

= ,.d.K:o. A'(v/-=*^n Band 

= -J be Cos A 

Similaily, t-'os 

can be fouud. 


• • 


Cos A= 


•2k 


(SI TI.1. 1... .J.t.* I«" , 

,.S,. Ms., (on ot (0 S- . ■"«' 

ormula fiom Cosine formula- 

Sol. (0 VVe have 


Sin A 


l-Cos^A 


(I 






’Ibc 


(By Co- 
sine Ibrmula) 


'labc 


(ihe^b- +f— a-) +"' 

iabc 


The R. H. S. is a symmetrical expression in -i, f. "c can 

, , u .1 t -ind — - are each ecjual to the same 

similailysho\vlhat j- ^ and 
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a 


symmetrual expression. HenfCj,;^ ^ g 

{ii: W't have 


h Cos C-f Cos B = /' 


'2nl 


- a^-+c^--fr 

-Lf. - 


‘2ca 


c 

Sin C 




h CosC = f Cos B- (7 
Similarly, we can show that 

c Clos A '•■ti Cos C; l‘ 
and " Cos B - Cos A . 

LXhRClSE XHl 

In any li ianyla .\liC, prove th il ; — 

Cos A Cos B Cos C a-^b-± (^ 


I. 


/ '2abi' 

l! '• ‘ 

O. („V i,- T i.uiB .,r un C 

' A . " C.„s 11 (-"■■"'''coi c;-o 

" ‘ « . 

4. 2 (hi Cos A ■ CO Cos U -nh C’os C} -fi' r‘ 

Hint -.-This is the s.une as Q,.l) 

--"^>..,. 11 , :;c; 


0 


/ • 


ti 


k\ 


{j-. C.os 


.\ 
• > 


u . c: 

(tl C-OS- — I oh Cos' -- ) 


= < o r-fi 




^Hiut : 

:: Co>^ -■} 

1 (os .\ cli 

(. 

Mil 

c Sill 

] ‘ 

J^Hint ; 

, c- ^• 

-- 

1 ( io^ ^ cu . ^ 

, L'.os \ 

• 

t r (/ ( 

1* (o ? h i\o^ (. 

.M C-c 

Co. U) - / * 

i ' 


: t. 


MO 


no 


10. In the triangle ABC, BC = CA— 15 and AB — 13 . 
Without using tables, [find the values of Cos C, Sin C and 
Sin A. {h\U.Pre.l962^ 

[Ans : Cos C = f, Sin C=t Sin A = 8&] 

8.6. Trigonometrical Ratios of half the angles in terms if sides 
(fl) Sines of half the angles. 

I .» > ‘2 

b~ f-<" — a 

We know that Cos A= — ;> . 

But Cos A=!-2 Sin--^ 


^ l,s^c--a~ 

2 Sln2 ~=l-Cos A=!- — 

_2/>c-5--f--rW- 

~ 2bc 

. A a^-(i--2k + f=) 

O' S"'- — = — 

a^—{b—c)- {a + b — c){a—lf-^c) 

~ ^ ~ Uc 

Put a-\-b-\-c = 2s 

<:=2{i— r) 
and a — b-\-c=2{s—b) 

, A 2(t- c). 2(^-M 
(0 gives, Sin- y = 

(s — b) (j— 

“ be 

A . / u 
Sin = /W 


and 


Sin 


V 

V 


be 

( 5— c) (j— a) 

ea 

\ s-a){s—b) 

ah 


(' 


CosilUS of half the angles- 
Cos A=:i Cos= 


But Cos A— 




‘2bc 

Irom (0 we have 
A - . 


2 Cos- y -l=CosA 


•>bc 


OV 2 C.OS .ybc 

Wc 

_ {b^cy-< 

2bc 


2 _rt- 


A _ 

or C'.os- 

{b fc-ra)(/j + c~~^ 
■“ \hc^ 

Now pul d-\-b‘VC = ~s 
b^c -a=’2{s-n'^- ■ 

From (li) wc have 

A __ 25. 2{s-a) 

Cos- 4^^ 

. 5(5-fl) 

be 


and 


V' 
V 


ai 
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(() Tangents of half the angles 


A 

tan 


LV 
V 




be 

be 


[Results obuined in («) and li ] 


Similarly 


'V 

b _ / 

arly, 'an-f f\J 

^V 


i(S- * 7 ) 


s{i-h) 


and tan 


(s- a){s-b'. 


J(i -c) 


Another Alethod : (Dirf<-t Mciliod) 

, . A 

1 -tan— :r 

— But CosA” ^ 

I -1- lair 


Cos A = 




1-tan^ o 


14 - tan- ■ 


or tan- 


Ir ■rc’^-a' 

2bc 

# 

~2hc+b^-c~ ^ 0 

t a-j-b-c) i (i -h^'c) ^~(s-c).Z(s b 

(rr4-/;'l'C)'6+^-‘«) ^ 

(Putting n-\-b-rC=~ 2 s) 

_ is -b){s-c) 
s[s-a) 


tan 




-/>u< ^ 

{s~n) 



lift 


Note Wc have taken the radicals with the fiosilive sign, 
A B C 

because , .> Aie &\\ acuU. 

^ “ 

'i.7. ToJuidthcSintof a„y angU in Urms nj th iidis if a 
:> “role. 

Here we have 

Sin A=- Sin Cos 


•= V" ‘i' "V 


he 


V i{: ■■n){s-h (s~f) 


Similarly, Sin B \^j(f - -- c) 


and Sill C- \'s\s -a>{s -l‘){s -c) 

Cor. I'lom this article it fol!ow!> that 

Sin A _ Sin B _ Sin C 
n h c 

-c) 

abi 

8.8. Tu fird Ihc area of a trinngU tn terms of i/r sides. 

Let ABC be the civen triangle. 
DrawADjBC. Let us denote the 
sides BC. CA, AB by a, h, c respecti- 
\ cly. 

Now area of the triangle 

BC.AD 
= i . a AD 
= \ ah SmC 

(••• C) 
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ab. 2 Sin^ 



/(s-a){s-h) . /s{s^c) 

= \.ah. 2 Y Y ah 

V 

Where (J + /» + 

This formula is known as Hero s Formula. 


Solved Examples 


Ex. 1. In any AABC, prove that 
c Cos ^ -\-h Cos^ * 7 “ ^ 


B 

Sol. L. H. S.=rCos^ ,, -fftCos-:, 


=r. 


s{s-b) 

ca 


+ />• 


sis^c) 

nh 


s{s-h) S{s-r) ir-ib-sc 


a a 

>2si — sh—sc~in-\-sa 

a 


a 


(Please noic tliis step) 


‘ 2 s^—s{a-^b-\-c) + 


sa 


a 


25^-2^-\-sa 




a 


^s=K. H. S. 

Ex. 2. In any triangle ABC, prove that 

A B C 

(fe+c— a) Sin = 2(1 Sin-^ Sin ^ 
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B ^ 

Sol. R- H.S. = 2flSin^ Sin 

= {*J5-2a} Sin-^ ={a^b+c-2a) Sm ^ 

= (6+c-«) Sin L- H. S. 

Ex. 3. If tlie sides of a triangle are in A. P. prove that 

A C 
Col ^ Col-^' =3 

A 

Sol. VVe have Cot .> • 

V J(i— ff) * / r) 

~{s-h){s~-c) V 


or ;h-36=J 

» 

or 25 =3^ 

ora+?--Kr=3& ('•* 25-rt + /.+r) 

Q,. a-\'C=‘2b which is tme. 

Ex. 4. If n", b^, c- arc in A. P., show that Cot A, Cot B, 

Cot Care also in A. P. 

Sol. Cot A, Cot B, Cot C will be in A. P. 
if Cot Ad” Cot C=2 Cot B 
Cos A C^s C Cos B 
^ Sin A'^Sin C Sin B 



[■ 


O ‘-1/2 f' 

a'-rf’ -'^ — o - L ,-, 

■f -ibTir + i"''- ‘1: " (., , 

■ Sin A (sayM 

u'‘ « 

, ft. 

if = 

if 4fc^=2c^ + :i('- 
if 262==f^ + «' 

which , .pp 

B..5. „Co.A.Si»»-f-tl>"'"'“"'' '"' 

It. Z.cl A- 

Sol. We have Cos A : Cos C^- Sin 

„ ^ A + c f. ^rS - = 2 Sill -:r '^'"' T 

or 2 Cos — h - s (is 2 

B 


or 2 Cos (9tl‘ 


01 


Sin 



Cos 

A^C_ 
• > 

1^ 

2 Sin-;, 

B 

Pf*<v 

A-C^ 

B 

2 Sin .y 

•) 

V 1/5 

2 

•• 

or 

Cos 

1 

1 

< 

Cos 



A'<^L 

B 

or 


•> 

■ 


, h 


•> 


or A = li + t; 

Hence / A = 9n",svhich proves rhcnuC, on. 

r.xr.KCisE XI ^ 

Ina AABC,pro^elhat ^ 

^ r,.o2 J fcCos 2 

1. ft) s=a Cos 2 ' 


=/> Cos“ 


r 

^ 4 <• Cos* .r 


1 > 



I .>0 


. A , C 

I 05)- - a L-06’ 'T' 


l. s-c^.ft Sm- , A Sm- , 

•> •) 


^•> * / ' •■ /'• O ^ >1 o 

.«. ' ll^* , r.7 ( ns- -v '»p C oS' ^ = f* 

•» .) .) 


. ) 


i\ 


‘ . 


Cos- 

A 

o 

Cos 

t] 


A 

( ^)t 

B 

*.) 

.7 - A 

Cot 

( 

.) 

- A. 

t.i n 

A 

• > 

laii 

t.in 

A 

• ) 

l.iii 

Cot 

A 

*.) 

- Cot 

< 'nt 

B 

.) “* 

- f V»t 


. B .. .. c: 

. t "s* 

■I •! 


'll>c 


V 

'2 a ’, 

li ■ 

. > 

n 

- _ '' 
c " /i .- 

■ > 


A 


-1 — .( — />' i:in -is - r) I. in ^ 


C: 




(>■ 


B c: 

m .. t;in 


V ) - Cot 


Cot ^ Co, ] 


In ;i ABC, if'-! prove th.it 

^ Cot Cot 1' 


2 r:oi 



c ^ A _ ^ lU Ii 

11. If in a A ABC, » Co.-. 4- ^ Cos 

its sides arc in AP* 

12 . lf».fc,careinH.P..P>o''^‘''al 

Sln^ A ^_B,S„v^a.calsoinH. P- 


A . C 


, U _ • p 

[Hint : -Start with Sur o A ^ ^ 


A i in-^-l)C in A- 

13. If tan , tan ^ . 2 


1 >. show 


Cos A, Cos B, Cos C are also in A. P- 

14. If + = prove that ■ 

n 


Sin 


c: 


15 . 


(i) Siii-^ Sin ^ 

(ii) Cot — Cot 

B c: 

(iiO CotA + Cot - , = Cot 
In a A ABC, . 1. angled ai C, p. ove il.ai ^ 

I- - * ® 


a-b «->> 

(i) tan -s, 


fl .i /) 


, B r— « 

(ii) Sin^ j- .j j- 

A (i—h'c 

(iu) tan 


..... ,2 A J+1 iiv) ran .,-=^.n, + c 

(in) Cos- 2' “ 2c 

/ P\ /' 1 — tan '!){^' ■ 

(y) a ((l-ptan '2 ' ' 


CHAPTER !X 


Properties of Triangles 

9. I. To prove A “ s' R when R 

oia A 5in B Sxn C 

the radius of the C.rcumcircl ? of the triangle ABC. 




Proof ; Lei () be il.ev iitum.emu- 1,.;,, bo ' . 


/ A — ' D because these 

is obtuse, and U ■ ■ .nd 

cyclic quadnlateral. In ti,. 


z_A=no 

Now, in the /vBCD in lig - ' 

BC 

Sin D- BO 


a 


or 


Sin A— 2 B 
In the ABCD in fig- 

BC 


Sin D — 


or 


Sin {fr A) — . 


BD 

u 


2R 


• • 


bcu='.-''' ) 


D -I. 


. / A .uid BD=^K 


(/D = , - A’i 


ft 


Sin A= -ti 


or 2R 

Lastly, in the A ABC in fig ("0 

BC 


DC 


- = l 


or 


=l=Sin!»‘>^ 

2K 

=Sin A 


Similarly, it tan be shown th.n 


(-.■ 11 &D coincide 


/ A !'<0 


^2R 


S,--=21l iand^e 


d ^ ^ -^= -B 

Sin A Sin B Sin C 



Another Expression 

nbc 

To prove that R ^ 
of the triangle ABC 


where 


denotes the area 


We know ilui 

a b c 

Siti A Sin Ji Sin C 


— — 


Hike 


n 


Sin A 


-’R 


[I 


I bt Sin A 

« I 

w liich gives bill A • -y — 

Substiluling luf Sin A In (/, wc 

t’C '■ 


(Article 8'S) 


II 


be 


-‘R 




(ibi 


^2. 


•1 ..i 

Radius of the in-Circle 


To prove that r- ~ where r is the radius of the 

O 

Circle inscribed in the ABC and 2s - a b c 

A 



I.rtlA. IH. Id \.n lnc,-,;iors 4.r ili«‘ :.T ’les A B C res- 
P<^‘',v,lv nl tho AHC. TIu-v will W ■ ..unneni, and Ici 

dr.,v in. I1-, and 1 F pe> rendi. ul u wo 

1 . » A, aiKl AI> icspedivciv. Then we know iliai 11) - IP. r 


Now 


/^ABG = 



ra-r^ Tb-r^> rc 
= i r {a+b^c) 

= 1 r. 2s = rs 



Another Expression 
To prove that : — 


A 

(ij r=(i-fl)uin 

' B 

(, 7 ) r={s-h) tail .y 

C 

(, 7 ,) r = (i-f) tan 


A 



Proof : We know that : — 

2^=fl+6-i-f==BC fCA-t-AB 

=(HU + DC;^lCE-,EA)HAr-Hi; 

= (BD-}-BF)4*(DC + Ch' - Al.-Al 

=2BD -2bC + -AE 

r-- BD-BF,DC-C1-:, A1-: Al- 1-ein^ t.mycut^ 
from external points B. C, U m the t ii‘ IcJ 

oi 2i=2(BD + DC rAE) 

01 J = (BD + DC:) t-AE 

=BC + AE=fl hAE 

Now fiom the I t. angled £:.AIE, we li-we 

=Co. 

r 

horn (/) wc Itave 
s=a-\r Cot 


1 1 




•. Ai:--/- c<.i 


A 


Hence r=- — tan ^ 
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8ini iaily, we cun prove ihut ; — 

B 

r=(j — J' lan — 

C 

Hid r-- j‘— C' lan -77 


9 V Radii of the escribed circle 


To prove that rj — ^ 
circle touching the side BC of the . \ABC. 


where is the radius of the 


A 



l.ci A I, be ihc internal Ijisecior of the angle A *ind l>Ij, L.l, 
be tlic externa! bisectnrs of the angles Band meeting all,, 
the centre of the eM-ribeJ circle touching the side BCl ^opposite 
uj A) at U. Draw I,U, 1,1'., and I|F to BC, and CA and 
i'.H ''produced' respectively. !.ei r, be the c-radius ol the circle 
loiuhinif He. 

riieii, I,D 1,1- - 
Now ABt:-. i,AB . 

or --- \ r,c - ' r,A— r,// 

- 1 r, ft — 'd j\ 

!\ii (1 h~ i" 2 ,( 

ft ■ r~a '2<s -'(i1 
ftom (i) we get 

A =2- fi- -{s—a) 



A 


Hence — 

s—a 

Similarly, we can prove that : — 

A . A 

~b J-C 

Wheie r, and r.^ arc the radii of ilie 
side*', CA and AB respectively. 

Another Expression 

A 

To prove that ri=s tan ^ 


Proof:— Wc know that 

2i=AB fBC-l-CA 
=AB+(BD-I-DC) + CA 
= {AB fBD)+(DC+t:A) 

ButBD=BFand DC=CE (tangents 
poinls;:^ and C to the circle with centre I, 

From (i) we get 

2r=(AB-hBF)i-(AC-i-C:ii> 

=AF+AE 

^2AF (••• AE=AF ; 


01 J=AF 

Now from the rl. angled A liAF, 

... AF=r, Cot 




From (ti) wc gel : — 


A 


S=r, Cot 


A 

Which gives r, — > tan ^ 

Similarly, we can Prove that 

B ^ 

r.,^-s tan and r.,~i tan - 


circles touching the 


(') 

drawn horn c.xieinal 
) 


tangents iVom A) 

W'' 



Solved Examples. 

We give below a number of solved examples. The’ 
student is advised to read these carefally. Those 
marked with an esterisk may be taken as articles. 


Ex. 1 . Prove that 



13 0 

and (n) r — 4 R Sin Sin —Sin 

• •• 


B .. C 

a Sin“:p Sm-^j- 


Sol. (i) R.H. S.= 


Cos 


“ V' 


{s-c){s~ 


V 


f-3 

be 




-a){s~b) 

ah 


V (i-c (i—a) / (t -b) 

ca ■ V 


A 


a /— 


\/(j— — <•) — — (•) A 

s “ i 


VJ 


['■' ~n){s -h){s-c)] 


= r-L. H. S. 


(ii) R. H. S,= 4 R Sin -Asin ® Sin J;' 


-4. 


V"“T ’V 

V 


{s~c)[s~a) 


ca 


(s—a) s~b) 
al) 


m 


{s-a)[s-b){s-c)_s{s-al{s-b){s-c) 

= ' A A 

^r==L.H. S. 

Ex. 2 . IfR and r denoic respectively the radii of die 
circumcirdc and incircle of any triangle ABC, prove that 

^ ah -iRf 


6r ■ ca 


{K.U. I96J) 


SoL L. H. S.= 


1 , 1 

1 

—1 — 

6c 

' ah 

^z+6+c 

2s 

abc 

abc 

1 


2Rr 

abc A 


“ 4 A ■ s 


abc 


L.H.S.-R. H. S. 

Ex. 3 . IfA, A„ Aa, A3 be the areas of the in-circlc and 
three r— circles of a iriangle, show that 


1 


VA 


y/Ai V^2 V^3 


= -W + 


Sol. We have A=w r*, A.j— and A3 htj- 


R. H. S.= 


+ 




■y/lTTi V^*^2 

i_r_L+ 1 + 1 ] 

/tt L Ti ^3 J 

-b- 


•y/wr; 


V 

= -L 

■v/tt L a 


1 


s—a 


A 


+ 


1 


_ A_ 

j— c 


] 


=- r - 

•y/ff L ^ 


s^a , ^ 




A A ■ A 

_ 1 3r— (a+^'+d ^ L 

“^TT • A V" * A 


1 

•y/rrr 


1 

v/A 



Ex 4 .'* Prove ihat 


n Cos Cos 


rj= - 


Sol. R H.S 


Cos 


O 


r- r 

a Cos Cos . 


C{)S 


' V V ■" 


i<-c) 

nb 


V 




he 


fl 


V 


rr7 


V V 


) 


\ j(.t-/v)(i () 

\ /I 


t- a 

Mark thlssiep) 


s n 

Ex. 5. Pnne Uut 

'2 R= Sill A Sin B Sin C -- 
Sol. L.H.S.- JR- . Sin A . Sin B Sm i 

a h c 

W 2R • 2R 


2 . R’ . 


r. ^ ‘ i>r 1 

L Sin A Sin B Sin C. J 


•The 

4R 


ahe 


4,\ 


4 /the 


- \ = R H.S. 


Ex. 6. Prove that 

(f -')(i 

S-fl 


b 

s-b 




Sol. L.H.S.— 


« ' b 

i( 5 — M A— 

s . nlic 


c 

S — b 

C 


-r) 


(Pledge mark thi'^ 


s . ahe 


[•_• s[s-a){i~b^>s-c 


R.H.S.= 


4R 


s 

4 . abc 

4A 


s . abi 


ll.S. 


r 

Ex. 7. Show that Cos A4-CosB-f-CosC = M- 

{K.U. 

A + B p A-B 

Sol. Cos A+Cos B + Cos C = 2 Cos ^ *^os 


4-1-2 Sin- 
A-B ^ 


= 1+2 Cos(90°- 2 "^2“ - 


= 1+2 Sin .> 


^ Cos -2 Sin" 


= 1+2 Sin 2 [*^os 


{' r A— B c- ^ 

Li ^ Sm ^ 


] 


= 1+2 Sin ^ [Cos A^-Sin(9««---/)] 


A- B ^ A+B 


= 1+2 Sin 2 

P r A B T 

= 1+2 Sin ^ L-^"' 2 2 J 


] 


c 

2 


U4 


= 1 + 4 Sin-^Sin ^Sin 


= 1*^4 


V" 


- b )( s - c ) 


he 




ca 


V'^ 


-a)jj~6) 

ah 


= 1 ^4 


(j — d)'5 — 6) f--c) 


ahe 


= 1+4. 


s(s -a){s- l>){s~c) ^ 


j . aU 


s . aJic 


\ 


R.H.S.= l+ -^r =1 + 


R 


ahe 

TK 


=■-1 + 


4A“ 


$ . ahe 


=L.H.S 


Ex. 8. If />!,/>•»» />a arc the perpendiculars from the angular 
points of a triangle to the opposite sides, show that 

1^11 1 


(I 


Col B+CotC A A 




and (m) 8 R> = 




Sol. We have A = 2 p\ a—\p,h = li PzC. 

2A 2 \ 2A 

Px- ^ .Pz- f, .A.- , 


(t) 


A = 


Cot B - Cot C 


R.H.S. 


a 


Cos B Cos C 

Sin B Sin Ci 


a Sin B Sin C 
Cos B SinC -4-Cos C Sin 1 


a Sin B Sin C 


Sin (B+Cl 


a Sin B Sin C 
Sin (it — A) 


a Sin B Sin C 

"sSTa" 




:=L.H.S. 



j_ i., L^l 

pi Pi P3 


L.H.S.= 




h c 

+ 2A 2A 

2i _ 1 

(a+/» + c)— 2A'”A ' 


(Hi) 8 R*= 


aW 

piPtPt 


aW 

' 2A 

a 


aW 




SA"® 



E.. 9. Ifa.p,Y be the ofthe 

from the inccnirc, prove that <x^'fS~a cr 


vertices of a A 


SoL As is clear from the figure, 

^ A 
«=IA=r Cosec ^ 

B 

i8=lB=f Cosec ^ 

C 

and Y=IC=r Cosec 

Now,L.H.S=aPT^ 



I-u» 


= r Goser ^ ■ r Cosec . r Ck)3ec 


C 


o 


. J 


’V {s-h'.{s -c)'\/ 

V 


lib 


(s- a){s--0' 


= r» 


a> c • i 

I'j -<7)(j -h){s — f 
_ nbc . 

’ ifi rtH-* b)(i- c'. 

= . aot' — nhc . r - R.H.S. 

s 

Ex. 10. Prove ih.u 

aU 'Cut A rCot 11 ’ C-Ul C: 

Sol R.H.S.= 


A'-* 


ttU 

A-i 


rt' ! 



(the ^ Col A “ 

-Cotli^C-otC 


.1- 



ahe 1 

p C-os A Cos B 

CosC -1 


L Sin A Sin B 

^ Sin C"J 


p h* i c* — a‘ 


abc 

< . 

2(a 

a- *-* 2 .; 

1 a 

A 


L l'R 

1 

2R 

<;-• W»=-f- 
2di 

c 

2K 

ah< t 

■liR ly '-c- 

' 2 nf-c ^ 

2R(c" i J--I 

.-■a-ft-! ■ 1 

2aAf 


t 



r 

'2alH 




•] 


abc 


2 R 
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EXERCISE XV 
In any A ABC, prove that : — 

“f 4R« = A. t R/iSin A + Sin B-rSm C)-/;.. 

A 

tan— =- 

«> , 

c: 


a- \r -v(- 
B ^ C s 


J,ii) r- flSin ‘Sm .. Sec o 

*« ^ 

(I Cot A + ^ Cot B • r Cot C=^2R-Mi»- 

1 ^ 1 . JL _L^ 

4- - c 


'^ 3 . 

rr, = r2 

tan 

.A 

2 

. 4. 

5. 

Cot^ 4 

*■ 

Co. « 

Cot- 

>/6. 

1 , 1 
^ -• , 

1 

1 

• » 

1 

.« 

f* r, 

• 1 


t'ii* 

7. 

(i) r ^ Col 

A 

0 

f Cot 


8. 

10 


s—a 


s-b i-c 


A 


Cos A+Cos B t-Cos C= 1 -t- ^ "“1 


Lc 


(I ) 


11 . 

“12. 

13. 

14. 

15. 

16. 


Sin A f-Sin B f Sin C— 

A = 2R=fSin A Sin H Sin C. 

« Cos A+// Cos B -c Cos C 4R Sin A Sin B s„, C 

a Co^ /V\ h Cos B • r C^s^^ r 

n + /» -■ I ^ 

Cos*=4- -‘Cos^ 


C 




2r 


2 

r 


4 * ;. 


(») ri 

‘^m) 

(ip) {ri—r){r.i+rj) = (i^ 



m 


17. (i) (>i+r 2 )tan =(rj— r) Cot 


18 . 


f") (r,^r,)Aj 

{*ti^ 4^ Cot A=b--rc'^—d- 
^iv) ri = f^j— o)=r2 (J— 6) 

!(> R“ rr,r2^a 

h — c c-ii a—h 


=a 


= r;t [S~c) = 


=n 


20. 

a = 

21. 

(0 


y 

(ii) 

22. 

(I 


r:i 

I 

ri 

'■it''. ^ r^) 




it> 


fi 

he 


r.j 

Cl7 


'■»_ 

afp 


i 


(li) /i-r)(ri~r) 

rs-t-ra '’n'rft 


1 

~ I’R 

4Rr- 


fi -rr.j 

(s — c) Sin C 


CHAPTER X 

Logarithms and Their Use 

Definition : > j h 

Let a, r, and N be three -he 

the equation ' Hooted as x=log.N. His, 

number N to the base 0, and IS *n d 

fore, the index of the 1^5 (abbreviation 

that it may be equal ^hich when operated on any 

of logarithm) is an OP r.»,mher V to which has to 

numbi -N- means. “Find ouuhe mrmto to 

be raised to give the number IN . 2, which 

of the power of 2 is the logarithm ol 8 ^ ,, 

quantity when ^velopes a power 3 
symbolicaUy expressed as S-logn.S. 

^ . I ic the logantrrn ol ^ '<> 

as base is always one]. ,Kvu s 

1 1— A -ie fLogaiithin ot 1 ts m •, 

(H)fl®*l or log<,l=<> » 

zero, whatever base be taken.] ^ 

[Hi) 2*=16 or log^ 16 = 4 , also ^ 

[Note :-Logaritbms of the same nun, hr. 

are different]. ')-*=: t, = 04, or 

(,„) 3 ‘=n3205 »'^/“=|“f,”J„Vnumbe;'s greater than one 
LKl-s'^ ttan one are nagative.) 
arcposiuvcandof ,nnO-3 ■ 10'* = 100000 

[u) 10»=1000 or logio 1000-J , lOOOOO-r. etc. 

i ,r. the same base increase as die 

[LogariUims of numbers to the sam 

numbers increase.] 
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Ex. 2. Evaluate : logs 27, (it) log 4 ’a, (iii) loga- .3, 

{ii- log„(i. 

[An^ 1 (i' 1'.'). •5{iw) ~1, (ip)— X.] 

10*2 Theorems on Logarithms ; 

(ti) The Logarithm of a Product of two or more 
numbers is equal to the sum of the logarithms of its 
factors 


P'im \a\\ of indices gives a"' ■ - a"'*". (i) 

= & n'' ^ i.t. log„.\ wi and n, [ii) 

(By definition] 

Now, (i) hcf omcs from ni . (j”* .vv or logar>=/»-rw: 
From (ii\ Iog,\j log,,.v • log,v. 

Similarly. los,.u.;- log^.y : log^4 

= log^.v ”log^v-log„C- 


Ex, 3 . log„ 2 :ilo^.log, <2 . 3 :- 5 X 7 X 11 ' 


log,;2-rlogo3 rlogafi logaT f log,, II. 

{t>) The logarithm of a quotient of two quantities is 
equal to the difference of the logarithms of the oomerator 
and the denominator. 


0^ 

Secolul Law t»r Indices cives —o’" " 

Put as before a"'= v and 
t.e. m=^loga.v, and «=rlog„v : 

Now, (i) with the help of bert.mes 


Tfftrn definition, loc^ ^ 

V 

4 



Ex 4 






— m - « 

= iog,.V -log,i 

X 

^ log X Iog„y 


log,„:{s, 


-1ogi0'3 -'5' -log,„i2 u»,, 
•=log,„:i-v-iog,„5- Iog,o2- logiulf*. 




from (//' 



by the index of its power. 


^n) 

■:i) 


Third law of indices gives " 

Put a"'=x i.e m= logoX. 

\jy definition, mv=log.,A 
or loga x'’=n logo X. 

E*. S. logic 27=log,„3“=3 10i5,..3- 

^ 1 WKm of a number from one 

(rf) Conversion of a logarithm 

base to the other : , 

• I r nnmbci N 10 bases a and 


a' = N, 


x=logaN O*" 

;»=log 4 N 0 *’ 

Raising both the sides of (0 to^ and y , wc ge 


\*) 


9 

t 


z 

y 


(M) 


^tii) 


, j b=a respectively. 

a=^b and 

Applying u« dclmiiions again in (n), 'vc gci 
Mulliplying (iii) together, we get very imporiam t<» 

logyJXloga 6 = 

SS '“S." 
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Also, 


lOgaN _ X 

logjN T 





logaN = 


log'.N 

log^fl ■ 



E* 6. logv{^-logio:V- log4H^-log,„3>' , 

IOg,o4 

[•-• Iog,l0xlogio4=ll 

Note. The readers arc requested kindly to note the fol- 
lowing misiokcs geneially committed in taking 
logarithms ; 

(0 (v^>)="lygaATloga^ which is absurd. 

(h) loga (*•»' + y')=^ loga^TA loga^ which is also fun- 
damentally wrong. 

(til) loga5A = 5 logoA- in place of log oO-h log, ,4 


EXERCISE XVI 


1. Simplify the following and e.xpros the results in the 
logarillunic foun : 



2. from the dcliniiion, show ih.it x» ■=€* '■ 

[Alld 1945] 

3. Evalu.Uc ; log7:i4lt, (h) logj'o, (iii) log.„i ;00. 

(it') log,d4. 



If A, y, z arc positive, prove th.ii 

- *2 

vv ' 'log-'' =-(». 

Ct ® .tv 


.'j. Simplify : (i log. 


V-1 27^ 

30- 


(ii ' log, 




(‘‘0 loga 


\/lun\06- 

*a (»-) loga 

02b “ X 52 ' 



283\al2 * 


I 

A 




6 . If «=log - 2 ,i'=log 


. c=log P™''-: 

• f ^ 


log 2 = 64 -c— 3fl. 

7. (rti Sho\v ih-iL loga^xlogscxlog^a - 1- 

{b) iog.ia«=-Slog3o-‘^=>’ 


[Alld. l9Sf)] 


show that xyzA-^—'^y^- 

10 3 Common logarithms. 

Z number is caUed C/^rerirrubr o mWes we geTonly .he 

/rational part liA Mantma, lo ihe base ‘t’ a 

fractional part of the value, , lo 2 7, or reckoned 

transendcntal number app.oximate iy cq^ 

to the base 10. Logaruhms to Lo^nrUkrns. 

mural or Napierian, while to Uue iog.n iihnib 

For aU practical purposes, It IS the .. •[ jl,(, numerical 

wcuse, as 10 is mosUy adopted as ladix in 
calculations. 

expressed without base. 

Ex. 7. (i) log 2340 = 3-369d. , , i 

[Here 3 is chamU„siu and .he decnal 

positive fraction is manlissa.] 

{it) log •000234=4*3692. 

[Here the characteristic is negat.ye and equ..l 
to-4. the mantissa is +ve and equal to 3b92. 

Note ; The characteristic may be positive or 

Negative characteristic is written with a Im ovc. ti, 
separate it from the +ve mantissa. 
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Ex. 8. Find tlie ih.uaiieiiitic and manlissa when I05 ’0284 
=--lT>308. 

Heir -l-0:i08- - l--6:i(lR=-2-|-l -'eSOH 
-- 2+:W!t2 = 2-:j6!l2. 

Haice, 2 is ihc characieristic and + 8692 is ilie niunlbi>a. 

10.4 Advantages of the common system of Logari- 
thms. 

(>) The characteristic of the logarithm of any number 
to the base 10 can be found out by inspection of the 
number of digits in the integral part, or the number of 
seros after the decimal point and before the first 
aignificant digit- 

(«) The mantissa of logarithms of all numbers 
consisting of the same digits and in the same order are 
the same ; i.e. the mantissa remains unchanged if the 
number is multiplied or divided by any multiple of 10 

10 . 5 . Ciase 1— The characteristic of all numbers 
greater than one to the base 10 is positive 
integer and always one less than the number of 
digits in the integral part of the numbers- 


10«=1, 


O^^logiol. 

(i} 

Ib^^lO. 

it. 


1 ") 

lb---100. 


2 = iogiol00- 

(*") 

10=' = 10IK). 

i.f. 


(it/) 


VVe obicivc, fVoiu (i) .uid (ii). liuu numbers lying 
I and 10, i.e. having one digit in the integral part, have 
then logaritlims between b and 1 ^only .1 - vc droper fr.xciion) 

1 bus, logjo 8.70r> = ()-f/ 

(ft) I*rom (ti) and (i»\ wc tind number;, lyin^ between 
lb and 1(H) (ic. two digit-mimbejs in the in(cs;ral p.ut) Ik.nc 
their logiirithms between 1 and 2. 

'11ui.s log,„ .i3-2bl - 1.7; 


(c) From {in) and {iv), wc see a number having three digits 
in the integral part, lies between 100 and 1000, and has its 
logarithms between 2 and 3. 

Thus,logio 758- 1 =2+/. 

U) And so generalising, a number N ( > I) having « d.giu 
in the integral part lies between lO"-' and Ih and will have 

logarithm between n— 1 and n. 

Thus, logio N = (n— 1)4-/. 

Hence, we have the above rule for nu.nliers greater than on.- 

10 6 Case H. The characteristic of logarithm to the 
base 10 of any number less than one .s always 
ne^tive and one more than the “>«»ber of 
“erWterthe decimal point and before the 

first digit. 

Consider the following • 


I0fi=l, i.e. logiol=0. 

1 

10 




10-* = 


± = log,o*01 = -:i 


^ iogio'OOl - -3. 


(" 

;n 

i tv' 


10 * 

« 

and so on. 

w "r's-reSiS .r;;:.t5hS 

t^'fixTsi^cant digit and its logatithm^-^^ - , 

U a negative proper IracUon which can be rxpr 
as-l+Z, and its characterisuc is -l. 

Thus, logio '2045= - 1 +/- 
(6) From (h) and (m), wc 

between -I and -01 on. log^itl^ !.- 

point and before the first significant dig , -..ic 

&etween_l and-2 ..e.-2+/, and its cliaractci.st.c is - 
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'Ihus, logio .045003= 

e) From (m) and (iF), we see that any^ number lymg 
l.ei\vccn. 01 and .001 has two zeros immedialcly after the decimal 

point and before the first significant digit and its logarithm li« 

hrtwecn-:^ and-3 i.e.-3+J, and its characteristic is -3. 

Thus, log,,) 01)450.3=— 3'f/- 

(J) And so generalising, a number N (<0> ” 

/tros immediately after the decimal point and before Ihcyiw 
signiJicofU digit, lies between lo — ('*’•) and 10 " and will ^ 
logarittun between 1) ^ind and characteristic as^(«+ 

Thus, log, „N = — (/J - 1 ) 4-/ 

Note (i) When N = 1, logarithm is <«ro . 

Note (h; When N is negative, logarithm is imaginary 
lj»-ncc, .1 negtiiive number has no log.irilhms. 

Note I'lit) Conventionally, negative character^tic and positive 
ir.iniissa is denoted by placing a minus sign above the 
■ liaraclerislic. 


Thus, log iN = n-|-l ‘abed where 

f . abed ,N has n zeros between the decimal sign 

and before the first significant digit. 

Ex 9. 1- ind the ch.iraclcristics of logaritlims of 

rrj:l4, (2) ■004.3, (c) 421*3, (d) -2005. 

Sol. (a) I he given number is greater than one, and the 
jiiiriibcr of digits in the integral part is one. 

Cli.tracleristic= I — 1 =0. 


.If) The given number is less than one, and the number of 
icios immediately after the decimal point and before the first 
significant digit is two. 

Characteristic= — (2 4- 1) = — 3. 

■ c The given number is greater than one and has three 
digit', in the integral part. 

Characicristic=3— 1 = 2. 


[d) The given number is less than one, and there is no zero 
.dier the decimal point and bclorc the first significant digit. 

The char.a(:tcristic= — (O-fl)-- - 1 . 





exercise XVII 

Write, by inspection, the characteristics ot the logarithms 

of the following : 

(i) 1*523; («) 305-2; (iii) 527000; {iv) (o) <?5;000*i 

■Wo0070403; (rii) *45000001; (ynO ‘08; (tx) -0 1, x) 

10 7. The manrissa of logarithms of all 

consisting of the same digits and in the sam 

order is the same. 

Proof— All numbeis consisting 
arranged in the same order, only differ m the posi lo 

decimal point, Thus all such numbers t muhi- 

digitsasN(a given number), will be either lyi , 
plied by any multiple of 10, and will be included m the g P 
N X 10'" where m is any + ve or— ve integer. 

Let log N=I-abcd where I is the characteristic and 

then, log(Nxl0")=log N+log 10" [nom (l) §9;2j 

= log N + m log 10 [from (3) §0 2 
=Iabcd... + m (V logiolO-lj 

= (l + m)'abcd 

We observe that -abed., the 
the characteristic has changed from 1 to 1 + m with 
of number from N to NxlO". I + m ,s pos.Uve or negame 

integer. Thus, if the "T) S. '"mamissa die, 

or any number of zeros added to tne ng , 

not change. , ^ 

E*. 10. Given log 2345=3'3701, find “>0 values of 
log 23-45, (ii) log -2345, (..<) log 0000.345, (nO 

log 2345000 

(0 log23-45=log J345xl0-.=lcg«45+l^ 10 
(ii) leg •2345=logJ345X l^-=log 2^^^ 10 ‘ 

(iii) log •00002345=log^234_5XJ0;-=Iog 2345 + .og Ui- 
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iv) log 2345000=log 2346 x I0*=log 2345+log 10* . 

=3-3701 +3 = 6-3701. 

Note 1. — Wc observe* from the above example, that man- 
lissa ir independent of the position of decimal point. All 
numbers here have the same order of digits 2346, 
and hiive the same mantissa as '3701, only the 
characteristic varying. 

Note 2 : — ^Thc effect of multiplying a numl^r by any in- 
tegral power of lU ( + ve or negative) is to produce 
another number having the same order of digits by 
merely shifting the derim il point. 

Ex. 11 Find the number of digits in i -23 given log 2 
-=•30103, log. 3 = -477l213. 

Sol. Ut x = ( I 0=X23=4^.3*.22.12 x23. 

= 32 ■ 2 ". 

log X = 2 log 3 + 14 If^g 2, 

= 2x*477l2l3+l4x-30l03 
= •05424264-4-21442, 

= 5-HfS6r)2f5. 

xor(|4 )'y2Ms a number the logarithm of which has 
5j;is characteristic. Hence, the number of digits in x -5+1=6. 

Note ; [ Charac.terisiir is one less than llie number of 
digits. 

■. 'Fhe number of digits is one more than the characteristic.] 

EXERCISE XVIII 

1. Given log 4'317 = -6362, and log -0 127 = 2.1038, 
find, by inspection, the values of ; — 

[i) log 4317, (h) log 12.7 (in) log -111)4317, 

\iv) log 127 (id log '4317, (ei) log 127. 
vii) log 127000 

2. Given log 2 = -30lo3, log 3--4771, log 7 = -8451. 

Find the digits in die integral part of the following 
numbers : 

(i) 922xl6‘, (ii) v!2-5)'« na) 52 “ (ip) (980)**. 



3. Find the number of zeros after the decimal point ..nd 
before the first significant digit in the following : 

(i) 3-^ (li) (0081)'”, (m) (00025)^ Uv) 

10 8 Use of Four Figure Log Tables 

Tables for common logarititms are used wlien the numbcis 
are not integral powers of Ui, and they have a Iractional part 
(mantissa) in the value of logarithm. When tins 'Mantissa ex- 
tends only to four figures afier the decimal point in any set ^ 
tables, they are c died Four-figured Tables An ex ract from 
four-figured Tables will explain points of the use o ta * es . 

USE OF FOUR FIGURE LOG TABLE 


75 

76 


S75i 


6756 

6614 


6620 


81628768 


6774 


86258631 


07798785 

663788471 


6791 

0648 


8 


00 


87976002 


54 


8659 



10.8.1. When the mantissa oflhe logarithm ol a ^ 

required from the four-figured tables, we ^ ‘ . 

number four-digited bv approximating to 4 digi s i i ■ ■ 

than four digits, or by adding ^ t 
than four digits. We have to take four '.^^"^//.Vj/jTi om die 

the left irrespective of the decimal point. I he ivo . 

left of the given number will be found m the extreme 

in the Tables headed by a vacant square. Tie it ^ 

the left is to be taken from one of the tcii ‘ j ' 

0. I, 9 ; and Xhc fourth digit of the given nurn^r ^ the 

left is to b'e found from one of the nine columns of Mean 

ences, the small columns, on the right. 

E». 12. From the* extract above, find the value of log 

76-86, (ii) log -0007607, (id) fog -76386. 

(i) Neglecting the decimal point die 
arc 7686. Now looking up for 76 m the extreme left u>iumn 


and moving along the row across 76, we get 8854 in the column 
headed by 8 (third figure of the number). Moving further in 
the same row in the Difference Columns under 6 (the fourth 
digit), we get which sLands for '0003. Hence manti^a is 
equal to '8854 plus '0003 or '8857. The characteristic, by § 9*6, 
is evidently one. Thus log 76'85= 1 *8867. 

iii) Here the significant digits of the number are 7507. 
Proceeding along the horizontal row across 75, in the vertical 
column under 0, wc get 8808 and the number in difference 
columns vertically under 7 is 4 ; the work may be arranged 
as 

log •000750=^4-8808 from § 9*5 
Difference for 7= 0004 
log ■0007503=4-8812 

(m) Here ■75385 = '753f) correct upfo four places of deci- 
mal pt. Now proceeding along the horizontal row across 75, 
under vertical column headed hy 3, wc get 8768, and moving 
ftirthcr in the Difference Column*: under 0 we find 5. Thus 

log -753 = 1-8768 
Diff. for 9= '0005 


log. 7539=1-8773 

Tlui.s, log *7538.5= 1 8773 approximately. 

Note ; We can find, from the Tables lieie, that log ’7538 
and log 7639 are the same as r8773. This means that the 
mantissas of the two numbers have no diffei cnees upto four 
places. In the subsequent figures, the diffeiencc will occur and 
the two values arc never the same. 


10.8.2. Ant.logar.thms . If the loga.ithm of a mrni- 

f' “nUhg.mhm of the 

N' .h m" ■''R^n'hnts. Let ' x = 

It^.N.thcn N=ant.log x. Thus, the operator ‘entUog' on 

■my qua., ay, means number tvl.iel, ,, the .csult of raising the 

^ ''''"8 ind« of the ^wer 



10.8.3. How to find Antilogarithins ? 

Ex. 13. Find Antilog 3.8778. from antilog tables. 


antilog table 



0 

1 

2 

3 

A 

5 ' 

j 

6 

7 

8 

9 

in 

1 1 

■156 709 

07 

ms 

. — • « 

/430 

mi 

7^(4 

7402 

i 

7449 

7516 

7534 

7551 

7568 

235' 

79lojr-l3l'j 

1 L- 

1_1 



li » 



Arrange the result thus, 


antilog 

■877 

t 

Diif. for .0008 

No. 

7*534 

1 

.8778~" ■ 

r 7.547 

1 


la numljcr in ihc colunui 
headed by 7 and in the row 

across -87) , 

(a number in Dift. Clms. 

headed by 8 and in the row 
across '87). 


antilog ‘^778— 7'547. . . . i 

Hence, antilog 3-8778=.0O7547 (by No_.e U-). above) 
Ex. 14. Find the eleventh root of 00/04 .. 


. 1 . 

il 


Sol. Set x=(-007547)". 
or log X— log {’007547), 

or log x = -^ (3-8778). 


= 1*8071. 
x=antilog 1'8071, 

=.6413 (From anlilog tables.) 


• • 
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10.8.4. Tables of Logaritlmiic Tiigonoxnetric numbers. 

In many problems, where trigonometric calculations arc re- 
quired, we come across with the logarit hm s of trigonometrical 
numbers. Expressions like log Sine, log Cosine, log ton etc. are 
usually required in solutions of triangles. One of the ways 
of finding the logarithms of trigonometrical numbers is first 
]o hnd the Sine, Cosine, tangent eu. ol the given angle from the 
rabies of Mural Functions, and then to find the logarithm of the 
obtamed number from the Tables of Logarithms. For example 
to calculate log tan o2 , first find lan from tables 

of Natural tangents and then consult the log-Uibles to get log 
I‘279n = *1072. Thus, log tan -1(172. 

To avoid the inconvenience of using two tables, separate tables 
giving logarithms of trigonometrical numbers have been calculated. 

An extract from four-figure 'fables of logarithmic tangents 
IS given below. 


LOGARITHMS OF TANGENTS 


ft/ 

ft/ 

L. 

t 

0 

6' 

12' 

i6 

24' 

30, 

36 

42 

48': 

54 

Mean 

Diff 

O' 

O-.l 

0*1 1 

0^.2 

on 

on 

0-5, 

O' 6 

0“7 

0“9 

0“9 


4 e 

A 5 












r? 3 

A 


9864 

1 

997^ 

98W 

9909 

9924 

5039 

'<959 

9970 

9905 

3 5 8 

to 13 


•0000 

• 

0015 

o 

o 

Ct> 

0046 

i 

0061 

0076 

L 

009t 

i 

'01O6 

1 

01? 1 

1 

0156 

356 

10 13 





1 

1 


E*- 15. Find log tan W‘S2 . 

log tan 44''3(f = I QQ-U fir, tu 

1VUI.4 lln the row across 44" and 

column headed by 30'] 

Dili, for 2 =.0005 fir. i-UiT i 

and tangent, and subtracted in decant 

Cosine, Cosecant and Cotangent ^ ^oganthms of 






Ex. 16, Find ;f, if log tan x=. 0128. 

The given number is not in the Tables ; ^e one nci^rcst 
to it and less than it is -0121 in the column under 48 

across 45®. 

,*. log tan 45®48' = *0l2l. 

Buf0l28-'0121=-Il0u7 ; this 2’ Ind"* 

in the DifTerence Columns, while we find •- “"d ^er to 

under 3' in the Diff. Columns, 3’ is selected, as . is ne..rer 

8 than to 5, and is added in 45 48 . 

Iogtan45®51' = *0l28 

Hence x=45®5r. 

Note : The value in the “““of P-p^rtW 

been interpolated by the Pnn p seven-figured 

Parts butThis principle is f^ve 

tables rather than in four-figured tables wu 
method gives sufficiently accurate resuiis. 

10.9. Tabular Logarithms. 

As the Sine, Cosine of always l^Jirwhich 

isako the case with logarithms of 

thait 45“ and Cotangent ol angles fire, 


used to denote these ‘lalnilai logarithms . 

Thus, log tan 44®32' = 1*9929 

While L. an 44“32'=10 Mog^tan 44‘32' 

= 9*9929 

Note . To get the true m^t“be 

metric number, the corresponding Tabular vai 

diminished by 10. 
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Note 2. In terms of tabular logarithms, the extract of Ex. 
10*8.4. will be read thus : 


Tabular Logarithmic tangents 


h/\ 

M 

1 

4 

t 

■ 

4 

/ 

y 

/ 

A 

1 

e 

Meon 

D) 

ff. 

1 

0 

6 

12 

18 

24 

30 

36 

42 

48 

56 

/ . • 

1 23 

a 

1 

5 

.4 

Q98Hb 

•5864, 

1 

9674 

9994 

9409 

9924 

9939 

9955 

9970 

9965 

3 SB 

10 

i3 

0 

46 

lO OCQO 



:0045 

0061 


009f 

0106 

0l2l 


3 58 

10 



10.10. Principle of Proportional Parts. 

In case the angle coniiins integral number of degrees and 
minutes, the tabular logarithm is directly obtained from the 
tables ; but when the angle contains second-* also, the value of the 
logarithm is interpolated by the principle of proportional parts 
which .sLites that the in^reusc in ihe logarithm oj a nur^iber is propor- 
'ional to the increase in the number itself. When used in connertion 
wilh logarithms of trigonometric numl)cr.s we may state ; 

“The small differences between the angles are pro- 
portional to the corresponding differences between the 
logarithms of the trigonometrical numbers of those 
angles”. 

Ex. 17. Given L Cos IJ4'’44' it H14772l» and 

L Cos 34°4r.'-- 9-‘.>l4»iHr)2, 

find the value of L Cos 34^44'27''. 

Here L Cos 34M4'- 9 9 147721) 

L Cos 34^45'=9-UU0S.‘i2 

dift'. for I’ — •OOOOS77. 

For an incicase of I' or 91)" in the angle, ihcic is decrease of 
iMOOHTT m the loijarithm, hence for an increase of 27' in the 

•mglc, the corre^nondinc decrense is “ 

' 9(1 


• -Onoos:; •()(h)939.7. 
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„ I -OQ ‘14®44' =9-9147729 

Diff. for 27"^;0000395 


(Subtract) 


rOTf2r^«334 

E. 18 • Find in degrees, minutes and second, the ang e 

Lsin 36“r>3'=9-7/828<t). 

Sol. Let X be the required angle. 

logSin x=log 

T CJn T£ — lO+log Sin X— 9*778151*5 
e. ^ ^7781513 L Sin 36“53- =9-778287n 

LSmx -9 778151 oft«v2'=9'778l IH‘> 

L ! »« —^'fObTr'i Tgs i 

_327X60-^J,.,- 

Corresponding increase in the angle 


•.• x=36®62' 12' approxiinaicl> 


1684) 19620 fir 
1684 
2780 
1 684 
11960 


increase in the angle. 

exercise XIX 


133 L? 

1. Show that log 2=logg^+2 1og , 


1 4-1 77 

log 


90 ^ 

1. - --^00 ; log 

2. Solve the following Equations, give 
3=.'47712, log 7=*84510 : 


^2:;::7-+4-. 

(m) 7«*-4-2-=3«-’. 



156 


3. Find the number of digits in 25®. 

4. Find the number of digits in 3®*, 

5. Given Sin 23°]5'-'3947439, Sin 23'’16'=*39oOIll, find 
Sin 23°16'20'. 



Given L Sin 23°ir)' = y o9.’)30, L Sin 23®16'=9 6965b 
LSin 23"16'20". 



7. Given LCos 24"4'-yyon-,u48, 

L Cos 24'^o'=-9.9tiU4484, lind L Cos 24“4'32’. 

3. Given L Sin 14’ti'=l»*3867u4, find L Coscc 14®6'. 

[Him ; Sin 0 v Cosec (* = 1, L Sin tf+L Coitcc etc.] 

9. Find the angle x, where L Cot jc= 9'5254782, 
given L Cot 7r2T'-=9‘.'*25777y, 

L Cot 71"28'=y52.')358y. 


lo. Find the time in which a pice will amount to a rupee if 
rate of interest being allowed 7% compound interest. 

Given log 2 — ‘SOH*, log lM»7=-0294. 


CHAPTER XI 
Solution of Triangle 


11 Elements of a triangle. 

Let ABC be a triangle- i''', 'represmt'^respectivciv 

the angles and the small "ip,’ ,hrce angles anti 

the sides opposite to these ang • iineiital elements of a 

three sides togedter make up '"e /“^'“"tngle is uni^h 

triangle. We know from geometry that 

drawn if we arc given t ffiven 

the sum o* ^ given 

(i) Oae side and any two angles, 
angles being less tban 180 • 

{it) Two sides and the included ang^e^ 

(«i) Twe sides and the angle is oppes>*« 

(There may be ambiguity if the gi 
to smaller of the given sides.) 

(is) Three sides, every side being less than the 

the other two. sh.ipc 

Thus, wc observe that necessary only duec angles 

and size of a triangle (except in one tnown out of 

are known) is that thru of ‘"’“ f |,-yl-iting the unknown 
which imst bt a tidt. This process » ^ triangle .» 

three elemenU from the given three elements 

called Solution of triangles. 

11.2. Solution of a right angled triangle. 

In art. ^ed A. the right angle is always^ Out 

three elements which determine one must always 

of these other two elements, for . Iy solved under the 

be a side. A rt. angle, thus, can be completely 

following cases : 


157 


158 


(i) The two adjacent sides other than the faypotennae 
be known. 

(n) The hypotenuse and any other side be known. 

(ill) The hypotenuse and any other angle be known. 

(io) Any angle and any side other than the hypotennse 
be known. 



For logarithmic 
To tincl B, 90® 


Let ABC be a right angled triangle right 
angled at C, c will be the hypolcruisc, a and 
b, the two adjacent sides. 


Case {i) Given and b 
Tt» tind A, tan A— ^ (1) 

colculutiom, L tan A=lU^-og « — log b. 
-A-B (2) 


I'o find C, 


=Coscc A or C — a Cocicc A 
a 



For logarithmic culcvlationSf [log c=log a-f* 10— L Sin A. 

Hence (1), (-> & {3} determine ail the three unknown 

eleraeiita A, B, c. 


Note : The hypotenuse c is also given by + 

l.mt this reliitioa is not suitable for logarithmic work. 

Case (ii). Given c and a. 


To 6iid 



=Sin A. 



For logarithmic calculations, L Sin A=lDg 
To find B, (a) OO®— A=B 



a— log c+lO 

( 2 ) 

( 3 ) 


adopted* logarithmic calculations can 


be 
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Case (Hi) Given c and A. 

TofindB,9l1'-A=-B <') 

To find a. a^c Sin A ' 

To find b, b^-c Sin B or c Cu- A (*>) 

Case (tu) Given A, a 

To find B, B=ilO°-A 
To find b, b = a Cot A 
To find c, c=a Cosec A 
For logarithmic calculations, (^) and (3) become 
log 6— logo — LtanA-hld, and 

log c=log a — L Sin A-- 10, respectively. 

Ex. 1. The length of the perpendicular from one angle oi 
a triangle upon the base is 3 inches, and the lengths ot t ic 

O r . . _ . I Y:' 1 *1.^ ^nrrl^v 


for r = Ul5. 

Now, 

Sin A=4“ 

L Sin A=10 + log 3-2 log 2 
= 10+4771213-60206 



Here, L Sin A=9.875O013 

L Sin 48”35'=9'.8750142 
diff. = 471 

=26' nearly. 
• A=48*36'25'. 


difi. for r=in6 

1116) 28260 (26 
2230 
5961 1 

6575 

386 



m 


Also, Sin B= 


or L Sin B=10-f-log 34* log 2 — log lU 

=94- .47712134- .30103=9.7781613 

L Sin B =9.7781613 

L Sin 3ti\')2' = 9.778118H diff. for r = 1684® 
diff.. = 327 




ditr. = 


1084 


= 12' nearly 
Hence, B = 36“52'I2’. 


10S4) 19620 (11-6 
1084 

2780 

1684 

10960 


G=180'^-48“36'2r>'-36^r)2'12' 

- 94 '^ 2 ' 23 '. 

Ex. 2. To determine the breadth AB of a canal, an 
observer places liimself at C in the straight line AB produced 
ilirough B and then walks 100 yds. at right angles to this line. 
He then finds that AB and BC subtend angles iri"* and 25® at 
his eyes. Find the breadth of the canal, given 

L Cos 2r)®=9-9ri72757, L Cos 4(r = y-S842.740, 

LCos 7r»" = 9-4129962, log 3727U = 4T>714(>43. 

log 3728=3*67147.79. 


Let .AB be^the canal and O the new position of the observer. 
Draw AD pcrp. from A on OB produced, then , 



0AD = 7.7“, and BAD=2:.^ 

In the rt. ed ^ ABD, 

AB Cos 25®=.AD. 

Again, in the It. cd \OAD, 
AD- OA Cos 7.7 
ALo, in the ri. cd 'A .AOC, 

OA Co.s t0’.= too 


.-. AH (Jos j;, '""<^0^75' 

t «--> P! 


uu 


Takiog tabular logarithms, we get 

log AB-hL Cos 25^-l0=log 100+L Cos 75"-L Cos 40* 

or log AB=10+2+9-4l29962— 0-8842540-9-9572757 

or log AB=21-4129962- 19-8415297 

= 1-5714665. 


Now, log 37-280=1-5714759 
log 37-279 = 1-5714643 

Diff. for -001= -0000116 

•0000022 X -001 


Diff. = 


-0000116 


1 log .AB =1-5714665 
log 37-279 = 1-5714643 
Diff. = -0000022 

= *00019 nearly. 


/. AB=37-279-f* 00019=37-27919 yds. 

EXERCISE XX 


1. Solve the triangle .ABC, where G— 90*, a— 50, B— "a . 

2. If a=30, 6=300, find A in order that B may be a i t. angle, 

having given L Sin 5*44' =8*9995595, ^ 

diff. for l' = -00 12565. 

3. In a A, ‘*=384, 6=330, C =90*, Imd oihcr angles, given 
log 11 = 1-0413927, log 20 = 1-3010300, 

L tan 49*19' = 10 0656886, L tan 49*20' = 10 065944l. 

4 . A tower 150 ft. high throws a shadow 75 ft. long upon the 
horizontal plane upon which it stands. Find the sun’s 
altitude, having given log 2 = '30l03, L tan 63 20 
= 10-3009994, L tan 63®27' = 10-3013153. 

6. Solve the triangle of which two sides are equ.U to 10 .md 
20 and of which the included angle is 90 ; given log 
2=-30103, and L tan 26“33'=9-6986847. 

diff. for l'=3160. 

11. 4. Solution of oblique Angled Triangles. 

Case I. Given two angles and one side, to solve the 

triangle. 

Let a, A and B l>e given, then the third angle C=lsn’ 
-(A+B) 



For the rest we can apply the Sine Formula 

. _ a Sin B a Sin C 

SinA Sin A 

r • ^ 1 

I Sin A Sin B Sin cJ 

Ex. 3. in :i A ABC, A=1‘2 43', B=ti4“ 33' and 

c=473. Find C, h, and a 

Sol. C^^lSd^-iA+B IStt -(7l’“ 4;{Vt}4" 33'^ 

= \m^ (l:{7^«’)=43 .74' 


Now bv Sine Formul.i, 

Sin A oin t. 


(1 = 


c Sin A 
Sin C 


, c Sin A , 

H «=log-j;j;7^--IogcrlogSinA-logSinC 

= log 473-. log 72' 43'-log Sin 42" 54' 
=2.5740 - I .0709 - r. 8.330 
=2.82 is log (;6;j.4 

ti=603.4 


Again i)y Sin fomiuia, 

Sin 13 Sin C. 




c Sin B 
Sin C 



log6=log-^*®‘"“ 

Sin C 


=logc + Iog Sin B-log SinC 


-log 473 j^log Sin 64^ 23'-Iog Sin 42" 54' 
=2.5749i-l .9553-1 .8330=2.7972 
= log 020.9 
5=020.9 
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exercise XXI 
Solve the triangle, given : — 

1. B = 88“ 36' ; C = 3r S.'S' a=o3 

2. B=64" 23' ; C=72<* 43' 18.92 


Find b and c 

3. a=226.9 ; B=73 53' ; C^3‘J" 45' 

4. B=64^ 23' ; C = 72“ 43' ; a- 18.9 

5. A=66“ 38' ; B = 26“ 14' ; r-^32.42 

11.5. Case 11 Given three sides a, b, c of a triangle 
to solve the triangle. 

Since the sides are known, the sernipciimetei x, and the 
quantities r— a. 5, and r—r can be found out easily. Also 


tan 




A 


log tan ^ =\ [log (r-6l Hog (s -c)- log s - log 


is-a)] 


This will give us-;7- . Doubling this, we 

Similarly, we can get fiom the formula 

tan 


can get A. 


2 'V 


and C can lastly be got from the equation 

f=180°-(A+B) 

Ex. 4. Solve the triangle whose sides 
fl=32, 6 = 40, c=60 


Sol. 2j=32+40+66 = 138 J=69 

s— fl=37 , 6 = 29, J— r=3 


{F.U. 1946) 
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Now log t 2 in 




29x3 
69x37 


= J[log 29+log 3 — log 69— log 37] 
-K1‘1624+-4771-1'8388- 1-6682] 

= KI‘9395 -3-4070] 

= l[- 2 + 3-0395-3-4070] 

(Please note this step) 
= 1 r'2662= I i*662 = log tan 10“ 28' 



or A =20“ 56' 


Similarly, log tan ^ 

^ 69x29 

Ulog 3 + log 37-log 69-bg 29] 
-U-4771- 1-5682- 1-8388 V4624] 

:.[20 153-3-3012] 

= 1[ ■24--744l]=logtan 13“ 15' 
B=26“ 30' 

and C = 180“-(A + B) = 180®-{47“ 26'J 

= 132*34' 

EXERCIS1-: XXII 
Solve the triangle, if 

1. a=3l , 6^12, c=.57 

2. a = 4584, 6 = 5140, c=^;>u24, tind A 

3. fl=8 , 6=0, t:=lu 

4. a =32, 6=40, ^=r,(i 

5. ^1 = 229-2, 6=181*2, c =257 
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6. Find the area of the AABC, the radius of the in- 
circle, and solve it when 
0=726 ft., 6=548 ft., f=474 ft, given 
log 8735=3*94120, log 1485=3*17173 ^ 

log 3265=3-51255 ; log 3995=3*601 

log6-613=*11353 ; log 1-4868=*17227 
Ltan 45^ 2'= 10*00046 i L tan 24'' 33' = 9*65972 

11.6 Case UI. when two sides and the inclnded angle 
are given, to solve the triangle 

Let the given sides be « and and C the included 

angle. Now Irom the formula 

A-B 

tan — — 


we get (by taking logiiriihms) 
log tan 


Col ^ (Napier’s Analogy) 

« 4-^ 

a-b P tr C 1 

taiil-:? — J 


A-B 

From this wc can get 2 

Also — 2 - 2 

from (*), («J we can get A and B 
Lastly, the side « ‘an l>e found from 

a _ 5 

Sin A Sin B 

b Sin A 

This will give us a -- g 

Hence log <1= log 6 = log Sin A -log Sm B 


(t) 


(n) 


the formula 
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Ex. 5. Solve the triangle, when : — 

6-237, r=168, A-66“ 40' 

Sol. 6-f-r = 30o. h (--79, B4-C = 180“-66® 4(>' 

-113® 20' 


Also tan 


- C - c A b — 


C",. tan 


B+C 


tan 56“ 40’ 


h+i 
79 
305 

- i tan 56 40' 


JB C' 

• ■ log — ' -lug [I Ian 56 Hi'] 

log 56*’ 411' - log 5 
= 1820 - -6900 

.^-• 5170=1 -4830 


B C 

• I 


--- 16^ 55' 


or B - C-33*’ 50' 

Also B rC Il:r 20' 

B=T3“ 55' and C=39® 45' 


Also by Sine Formula a 


c Sin A 


Sin C 

• Ing a --log (■ rlog Sin A log Sin C 
log lo8+Iog Sin 66° 40’ 

^lug Sm 39 45' 

-2-19866 ^1 -96294 -1 .80581 

-2-36579= log (226-9) 

<3-226-9. 

Ex. 6. 0=9, ft = 7, C=47°25', lind other 
given that lug 2=-3ulU3u0 

L tan I5°-53'- 9-4541479 
L tan Ofr 17' -30'= 10-3573942 
Uifl'eicnre lor 1’ '0004797. 


anglci it licing 




1G7 


2 


Sol. G=47°25' /. A fB = 18i>°-(47“ 25') 

or.^®=C6“ 17' 30' 

A-B a-b A I B 

Now tan 

= ; tan 06“ 17' 30' 

Taking tabular logarithms, we get 

L tan ^ tan 66® 17 30 -3 log 2 

= 10-3573942 3 X -30111300 

= 10-3573942 903090n 

=9-4543042 
Ltan 16'*-53'=9 4541479 
Difr=1563 

Now diflf. for 60" =4797 

1563x60" 

4797 


(•) 


Diff.= 


= 19''-5 


L tan ^ 15“— 53' 19 'o 

=I5“-53'-I9-5'' 

2 

From (i) and (it) we gel 
A=82®-I0'-49-5’ 

B=60“-24'fl0-5' 

EXERCISE XXIII 

Solve the triangle, if 

1 . a=21'35, fc=35-21, / C= 50 ®— 48' hnd H 

2. 6=25*1, c= 14-7 and A=47“ 

3. 6=237, c=I58, A=66“-40' 


...di) 


(P.U. 1^54) 
(P.U. 194H) 



]t>8 


4. 4 = 11, c = 9, A=32^-30' 

5. 4=37*2, t=22-3, A=29“-38’ 

^ remaining angles of 

the ABC, it being given thnt 

log 2 = *30I03, log 3=*477I2 

Ltan I I"-44'_29'=9-31774 

7. If4=27 f=23,A=44“-30'(indB.ind C, having been 

given that log 2=*30I03, L Cot 22^- ]5' = 10-3881591, 

L tan 11 -3'=9-2906713 diff. for r=-OO067n 
In a AABC, f=1400, 4= 1300 and A=tiO°, find B and C 

given log 3 = *477121;{, L tan ;r-4O'=S-8067422. 

11*7 Case IV. Given two sides and the angle opposite 
to one of them (Ambignons Case may arise). 

a rl^h, 

Law of Sines is the only formula required foi solution. Wc 


8 . 


know 


h _ a _ c 
Sin B“Sin A~Sirrc""“^’ 


ffl) First find R from log 2R=;logrt-L Sin A t 10. 

(6) Find C from Sin C= - 

' 2R 

(c) Find B=I80 -{A+O, and 4=2R Sin B. 

Siven arc consistent, ^vc 
ob.cr\e that r mvsl b( less than or equal to 2R as no side 

Hence a’llhc ' n 

“" arise : possibilities 


('■) 2R =‘ “>■ Sin C=l,i.r. C is definite-., rt. angle. 


'0 


c 

2R 


I whence S.„ (J= kads to two possible 
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cannot be obtuse, -l^.^f^thefhandTX s^ Tt 

obtuse angles m a A , (^) necessarily be acute, (for, 

A<C. the given value A should cis obiise A 

when C is acute, ^ *^“®Vm.ence of iv/o obtuse angles 
cannot be obtuse because of no -p given by (»0 above 

in a triangle). Thus both rhe values of C gnen Dy^ 

arc possible, C may be acute an smaller «/ ihe 

case, therefore, the iu^ a" in (t), the 

given sides {a<c)y there may - ansle) and two 

angle opposite the ^gWen data; 


10. 8. Discussion of Ambiguous Case another ««y 

trigonometrically. ^ ^ 

Sine formula also gives Sm C = 


a 


(i) 


Hi) 


js no triangle, 
rhV’ vahie of 0=90^ ^ 


(m) 


If c Sin A>«, we have Sin C> 1 which it i.nposuble 
and there is no triangle with the g.ven ele.nents. 

, C- P — 1 • c=90'’ Hence, 

!^A%^7acu‘.cr tre^7u •- -Vta.., (Rt. 

angled) ; if A->90" (obtuse), there 
since A+B+C = 189 , 
inadmissible. 

If r Sin A-e. Sin C<1 and 
values ot C, one “cute and * 
arc supplementary. 1 hese vai« j 

hold together, for. 

(„) Ifc«.,then C j, A _hcn“ ^UeT c7e,7wo7b^se 
a^ng"l77a triingle are nev;r possible and thus there .s onl, 
one triangle. 

,b) If r=u, then Sin C=Sin G=A “180"^ .h< 
latter value is not possible smee A+'^+,^7‘fh7, if A r 

"tb7e“h „«t.wAlsos«les), and if A ts v'-nu., there t 

no triangle ; 
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(c) iftf><ithen C •A;and if also A is obtust (A>90*') 
ilicrecan be no triangle as there cannot be two obtuse 
angles m a tnanglc ; ifA<flO° (acute) both values of C 
are admissible corresponding to which there will be two 

values of B at.d hence also two values of /», since 


B-I80° - (A + C) and f,= 


a om B 

Sin A 


there arc, thcj-c- 


iore, two huiHolei satisfying the above conditions. 

Ihe ^hotdd he acute and 

/ eit* ^ side under 

fn; [i.e. f i)tTj .I<<7 '{•] 

To sam ap 


c Sin A (I 
c sin A - a, A 

A>!r(r, 

c Sin A<a, cCa, 
c=a, A .on . 

' fl, A>!»n ', 

> - !«»'. 

••>'7,A no"', 


no solulii.n. 
one solution. 
>10 solution 
one solution, 
one Solution, 
no solution, 
no Solut.i 
Iwi U)ltif’-ns. 


10.9 Treatment of the a nbiguous case geometrically. 

Letu,s show pomelriclly |,ow the .unbiguily irises. 
Wc are giicn Ihe clemenls fa, c. A) as before. ^ 

I'A) I.ft A be aitite. 


A 

(.''Onstrucl LAM on aline AL 
from AM nit olf AB e<|ual 
HN peq). toAf, say ; fi\ 


cqu il 
to the 


to the 
given 


given angle, 
side t . Draw 


Then, Sin A= — , 

C 

orBN=^i:Sin A=p. 

To find the position of 
the third vertex C, describe a 
circle with centre B and 
radius equal to a. It w.ll 
meet AL for consistency. The 
following cases may arise 
according as - 



(it) The circle touches AL 

N i.e. a =BN —p. 

One Right angled triangle. 




(i) I'he circle meets AL in 

nojpoints i f. u p. 

.Vo real triangle. 



(Hi) The circle 
ruts AL in two 
points i.e. a >/>• t'*' 
f Sin A <ff, three 
sub-cases arise acc - 
ording as : — 

ffl') The circle 
cuts AL in two points 
Cl and Cl which 
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be on the opposite sides of A (one on the side of A as L and the 
other opposite to it). Herea>/>, and also "-tr. Hence, oniy one 
triangle with the given data (ABC,). 

(6) The circle 
cuts AL in two points 
m such a way that 
one of the pis. Ca 
coincides with A. 

Heie,/><(« and a—c 

Only one isosceUs 
Iriongle. 

(c) The circle cuts Al. in 
two pts. such that both ilie 
points C, and C.j be on 
the same side of A as L. 

Here, p<a and a<- c, both 
the /\s ABC, and ABC. 
satisfy the given daui : 

(Gg being equal to 180° — C,). Two triangles possible with the ’ 
given data. 

(B Let A be obtuse. 

We observe that no 
triangle is possible satisfying 
the dat;i, ife^ a ; and only 
one triangle is possible ife 
One Irinngle ABC, only. 






10.10 Algebraic treatment of the ambi^oos Case 

Oivcnd, t, A, we have fiom the Cosine fomiuLi (& 8 7l 
(•= Hie = u a quadratic equation- 
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Solving for b, we get 

. 2c Cos A +\/4g'^Cos*A- 4(c^-a^) 

2 

==ccos 

Thus t m.y have to . values for the given d..,., 
say bi=c cos A+ and 

(,j=c Cos A— 'A- 

1. Let A be acute, then we observe as follows 

a •> yi Cim^A <0, the tv-'O values 

[a) If a <c Sin A, or bin A 

of 6 arc tmagtrmry and nence 

given data. 

(») Ifo=r Sin A, or ^clsV^^t^thl 

triangks“te'"coi"iinl and there is only - tna„,lr 
satisfying the data. 

(c) If a>c Sin A or a -<■■ ',i,e given data will be 

be real and two ml '^i,ive for in case, N or b, is 

poaihU only if di and b, bo'>’ =»' P contain not the gn en 

negative the triangles formed by t‘«m 

aSle Abutitssuplementary 180 A. 

. w »n«case apart from <1 - c Sm A, 

Thus for the ambiguous case, y 

c Cos 

or e* Cos^ A>fl*-f“ A, 

or . 

If (i) ,CS,A= VV-e,^^,hloiher 

i*les A)* 


(m) c Cos A< A O'' 


V 4 • - -y V* - — 

Only rntmglr satbfying the data will be |ioss. > e 
as bt wiU become negative. 
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U. Let A be obtuse, c Cos A will be negative, and hence 

bz—c Cos A — \/a'~c^ Sin" A will always be negative, 
thus, if the other value is positive, there is only ow 
triangle possible. 

Now Cos A -r Va'“f“ Sin^A >0 

if ^ >— fCosA 

ora''* — c" Sin- A > c- Cos- A 
or a”>c-' ie., a>c. 

In case and //,--< (!os A, which is negative 

licnce HO triangle- 

In case a :o, r Cos A-r- va — ^hi- A ','0, hence both the 

values of/' are negative and no triangle <an he possible. 

EXERCISE 

1. Discuss the ambiguities in the solution of triangles. 

{Patna 1951) 

2. Iflog : Id •log/' L Sin 15, test the ambiguity of the 

A. 

M. Test ilie ambiguity of the triangle 

if lU f log a > log c-fL Sin A. 

4 Show the following in the ambiguous case when a, c and 
A are given, and c>£j>f Sin A ; 

li) /'! + /'j— 2 c Cos A ; (ii) /'i bz—C'~a- 

where hi and 6j are two values of 6. 

[Hint ; use § 10' 10] 

If a, A are given, and if r, and Cj are the values of the 
third side, prcne that 
(i) f,-f 3 = 2V'i— />■ Sin* A 

(.i) Cos . [AllJ. mi] 

(iti) c, —c^ = -a Cos B. 

[Hint : Solve <!*=/'- 4- c-—26f Cos A for c, C,- C^ is the verti- 
cal angle of the Isos. A B, CBj ] 


5 . 
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N 

(). If 6, c, and B of a A are given, and if a. arc two 
values of the third side in the two solutions, Ai and 
A., being the corresponding opposite angles, prove 

that 


{i) Cos 2B=4/r Cos- li ; 

[Hint ; ai+( 2 j = 2c Cos B, a, a.^^c^-~b-] 

ib4-a)~ (h—c)" ^ '2c^ 

1-t-Cos A"^l— CosA Sin- C' 


[Banunis, {942] 


^ H-C (h-c)^^ 

; start with tan — " (//-fc)- 2 J 

7. If r, and c., be the values of the third side and Hi, C, 
and B,, C ' be the other two angles of the two triangle'^ 
in an 'ambiguous case, then 
(i) tan- A=4«^ 

Sin C, 2 Cas A 

SinB.+SinIC 

Sin Cl Cl Sin C^ Cp 
[Hint: use > Sin 3,"^- ’ 

Cj 4-C2=26 Cos A etc.] 

E». 13. Point out, giving reasons, the number of solutions in 
the triangles having the following data : 

(i) A~30^, c=lb, a— 4 ; {») A^30^ c^lO, a^5 : 
(hi) A=3(A c=10, a=5\/2 ; 

(iw) A = 30°, c=lU, a=Iit ; 

(y) A=00‘', c=10, a = 10V3, 

(r»i) A = 120“, e=10, a=r> : 

(wi) A=120'^, C=10, a - lOv/3. 

Sol. (i) Here the angle is opposite to the smallei side. 

, c.- eSinA 10 Sin 30- 5 
From the Sine formula, Sm C— ^ ^ 

Thus. Sin C>1 which is impossible, and there is n© 

solution. t 5 ("J <'M 
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Hi) The given angle is opposite to the smaller side. 

,,, , . , ^ _cSmA 10 Sin 30“ . 

We know, as before, Sm G — = = 1 

’ a 5 

0=90" or its supplement which is also 90“ 

Now, A=30“, C=90“. B=180“-(30®4-90'’)=60“. 

. . Sill B 10 Sin 60“ ,, 

shrc-= ^i^=®'^^' 

The A is rt. angled, only one solution ; the two solutions 
arc coincident. [ § 10'9 (A) («) ] 

I b) The given angle is opposite to the smaller side. 

, . e- ^^SinA 10 Sin 30“ 1 

Again, Sm 


a 


oy/2 


V2- 


Here G— 45* or its supplement 135“. Let them be and 
Og ; and since AH-Ci =33“+ 45'’=75“. 

A fG,=30“ (-135“ = 165“, each is less than 180“ ; both the 
values of C are valid and so there are two solutions. This is the 
ambiguous case. 

B, = 180“ - {A+C,)=180“-7;'>“=105“, 

li,= 180“ -(A+Cj) = 180“ - 165“= 15“, 

aSinBi 5V2Sinl05“ oy2 %/3 + l 

‘ Sin A ^ ‘ Sin ;i0“ “ f * 

=6(V3+1) 

^ a SinJ}i_ 0^/2. Sin 15“ r>v'2. {\/:i - 1) 

’ ' Sin A Sin 30* “ 1 2^/2 


=5 (V3+1). 

ITie solutions are 


(»•) Cl =45“, B, = 105“, ^=5 (Va f 1'. 




G,= 135*, B.-15“, b, -o 


Agrtin, Sin C .= 


r Sin A 


a 


(V3-1). 

[§ 10'9(A) (Hi) (c) ] 
to Sin 30“ 1 

[V "■ 2 • 
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/. C=30'’ or loO’, lUc second value of C is invalid 
as A+C=30" + 150® must be less than 180®. Hence, there is 
only one solution the triangle is Isosceles ; A=C=30®, B = 120® and 
t = 10V3. [ § 10-9 {a) [tit) {b) ] 

(o) Here the given angle is opposite to the greater side. 


Again, Sin C 


c Sin A 10 Sin 60® 1 

a ^ lO-v/3 “ 2 


C=30® or its supplement 1.50®. 

The obtuse value of C (150®) is rejected. 

Hence, C-i-A=l50“ + 60® = 210^ is greater than 180'. 

There is, therefore, only one solution. 

A=00®, C=30®, B==90® and /;=^20®. 

[ § 10-9 ((7) («i) (<7' 1 

^vi) The angle is obtuse and is opposite to the smaller side. 

fSinA 10.Sinl2(t' 

Sm C= = — = vd. 

a i) 


Since Sin C > 1, no value of C is valid, hence die 
triangle is impoisible. ( § 10'9 (b' ] 

(vii) The angle is obtuse and is opposite to the greater ^ide. 


Sin C = 


c Sin A 


10 Sin 120® 1 

~ 2 


C=30® or its supplement 150®. 

The value 150® is invalid as C+A ( = 270®) is greater Umii 
180®. C=30® is the only valid solution. Hence therejis only >’iie 

triangle. 

B=180®-(A*f-C)-l»0®-(120®+30®) = 3U\ 


C=3«». 

«5 


[§ 19.9 {b) ] 


Ex. 14. If <2 = 5 ft., /< = 8 ft. and A=35-, lind approximately 
the smaller value ol c, having given log 2=-30103(J, 

L Sin 36®=9-758591, L Sin 31® :t5'42" = 9-7J9258, 

L Sin 66®35' =9-962672, L Sin 66®:(6'- 9-962727. 
log 456706=5*659637. 
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Here, 


SinB='"‘"^=^^-=:^Sin3r 

n 6 lU 


L Sin B=4 log 2— log 10+L Sin 36' 
= 1-2C»412-1 +9-758591 
=9-902711 


Now, 

LSinB =9-962711 
LSin 66“35'=9-962r)72 


LSin 66^30' =9-9627 


LSin 66"36'=9-9626-^ 


Diff.=39 


diff. for r = 56 


39 • 60 
65 


f t 


-42 


I • 


nearly. 

4 


B=06"35'42' or 180' -66"35'42' 
i.f. Bi=Gr/3r.'42', Bo- 1 13°-24'18". 

Hence, 

Cl = 1 10" - (B, + A) = 180“ - {66"36'42' +36“j 
= 180^- 101=‘35'42’'=78^24'1S", 

C,= 18U -(B2-4-A) = 18U“-(113"24'18'-L36") 

= 180^“148 24'18" = 31®35'42\ 


.’.The required side c is opposite to C, in Uic triangle 

A Cg. 

Now, from tlie Sine formula 

_ a Sin C;_5 Sin 3r35'42' 

^ “ Sin A Sin 35‘' ’ 


logr=log 10-log 2 + L Sin 3r36'42'-L Sin 35 
= 1 --30103 +9-719253- 9-758691 
= 10*7 19258 - 1 0-05902 1 
= •659637 = log 4-56706, 
f=4-56706 ft. nearly. 


t 
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EXERCISE XX1\' 


1. [In a triangle ABC, il <1=20, c=30, L Sin A 

=9-6228787, find C, log 3 = -47712i:i. 

2. Find out which of the following data give the ambiguous 
solution and why ? 

fi) A==30\ (1=200 fi., c--250 fi. 

(iO A=30^ tf-200 ft., c=125fi. 

(m) A=30“, (1=125 fi., (-=250 ft. 

Find the smaller value of the third side in the ambiguous 
case, and third side and other angles in all the cases. 

Given log 2=*30103, L Sin 8“4r=9 1789001, 

log6-03893 = -7809601, L Sin 180n2'40"=9-49485, 

L Sin 38*41'=9*79o8800 [Patna 1942, AUd. 1935.] 

3. If <1=9. 6=12, A=30', find c, having given 

log 2 = '30I03, log 3=-477l2 log 171=2-23301, 

log 368=2-56635, L Sin ir48'39'=9-31108, 

LSin 41'’48'39'=9 82391, and L Sin 108°11'21 ' 

= 9.9777-1 


4. Find the other angles of a triangle when one angle i' 
112®4', the side opposite to it is 573 ft. long, and anothci 
side is 394 ft. long, given log 6'73 = '758J564, log 3-94 = 
-5954962. L Cos 22‘’4' = 9 9669614. 

L Sin 39°36'=9*8042757, L Sin 39*36' = 9 8044284. 

[AUd. 1939] 


5. 


tri- 


If a=8, 6=12-5 and A=33"15', show that ^he 
angle has two solutions and find out other angles, 6>ven 
log 2=-30103. L Sin 33"15'=3-73901, L Sm 58 oO 
=9-93230, Diff. for 10'= 00077. 



CHAPTER XU 

a) Areas of a triangle, regular Polygon and a circle. 
(^>) Graphs of Simple Trigonometrical Functions. 

12.1. Area of a triangle. 

LctABCliethe given triangle, 
such that BG=fl, and AB = 

, . Di au AD a- to BC. 

Now area of the A .^BC = 

= i BC.AD 



— . 1 . a. AD 

o a'd 

But -r = Sm C. 

P 

. ■ From (/) we get A ABC= L a. b Sin C 

.similarly, we can show that A= *^'0 A. 

i_ 1 l a Sin B. 

. A ^ A 
Now Sin A - Sin 77- Cos 


(0 

AU= b Sin c 


-V 




he 




i /.< Sin A - i . Ar. ' s{s a)^s~h){s 
^ -\/s[s — a){s--b)[S~c) 

, d Sin B j d Sin C 
Again, 0 ^od c — 


-c) 


[ 


sin A 

a b ( 

Sin A~Sin B .Sin O 


J 


180 
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A=J Sin A=l 


a Sin B 


Sin A 


_ i 
— 2 


Similarly, A 


1 

>« 


a Sin C 

Sin A ‘ Sin A 
n^- Sin B Sin C 
Sin A 

Sin C Sin A 
Sin B 
' , fS’Sin A Sin B 

and A ^ ^ Sin C 

,, L a A ABC can be put in any of 

Hence the area ot a ^ ^ 

the foBowing three ways u 

■2. A=VsT!^)\T-b)(r-'^> whe.ca + f- + £ 


^ .^SinBSinC Sin C Sin A 

3 A= i ' Sm B 

c^SinASinB 


1 

2 


Sin C 


12.2 Def-Regular polvgon-^VoS. 
angles are equal is called a ^i„,e of a Regular 

12-2.1. Radius of the circunascno 

plygon of o sides 

LetCABD be ibc regular 

Polygon of n sides. Draw OA and 

OB as bisectors of angles A and iJ- 

Let them meet at O. From O draw 

AT« ^ Al 


= ^ Now O is the centre of the 

circumscribed circle, such that 

OA=OB=R is the cin um 

As the number of sides is n, L AOB — 



27r 


n 


AAOL=i. 


0- 
W 4 « 


n 


n 

H 
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Now from the rt. AAOL, wc have 
AT 

=SinAOL 


01 


AO 

2k n 

R=^-^osec - 


•> 


n 


12.2.2 Radius of the inscribed circle of a 
Polygon. 


regular 



.\s befoie, draw OA and OB 
bisectors of .angles A and B so 
as to meet at O. Then O is the 
centre of the circle. Draw 
/ D OLl to AB. Then OL=r is the 
radius of the inscribed circle, and 


a 


AL = ^ if AB=<7 

Now from the rt. /^d. .i. AOL, 
wc have 


q£ =tan AUL 

- =tan — which gis cs 
-r n 

a r 
r= -cot — 

2 n 

12.3.1 Area of a Regular Polygon in terms of R 
circum-radius) 

Area of the whole polygon of 
'I sides limes the area of the 

. \ AOB 

UA . OB \ Sin AOB 


\ A 


'I •. i R , R < Sin 


2n 


n 


n 


^ R' Siti 


IJtt 


n 



D 
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12.3.2. Area of a Regular polygon ia terms of Us side 

and T- 



(it) Again, arca=^- XOLxAB 


= — Xrx2r tan ^ 


=Hf” tan 


TT 

n 


12.4 An Important Limit 

, _ Sin 6 - , 

prove that Lt — ^ — = 1 where 


To 


e 


0->O 

0 is measured in radians 

Proof- 



Let ^AOB — ladians, when 

AB is the arc of the circle whose 

radius is OB, and the centre is U. 

Draw BD X to OA and pro- 

duce it to meet the arc ot me 

circle again in C. 

At Band C draw tangent 

to the circle to meet OA produced 
in T. 


C 
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No^\' BDC < arc BAC <’ fBT+TC’; 
or 2BD <2 arc BA < 2^ 

or BD < arc BA < BT 

I^ividin^ by OB, wc gel 

BD arc BA BT 
OB OB’ 

Bu. =Si., 0 


and 


X B/\ 

BT 

OB 




tan H 




wc get Sin 8<0 < tan 
Dividinii by Sin 8, we have 


Sin 8 ''Cos 8 


« hith sliows iliat ^ lies bctiveen 1 and * 


COS f 


But Lt 


Cos 1 ^ 


6““>o 


LI.t: 


Sin> I and! 


e->o 


01 Lt^,. — =:i 

Sin 8 

e -0 

I Sin 

or Li = 1 

8 ^ 


0-t> 
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12.4.1. Area of 
ference. 


circle of radius r and its circum- 


(i) Let AB be the side of 
a regular polygoa of « sides 
inscribed in a circle ol radius f 
and centre O. 

Then are<i of the polygon 
— n times the area of the 

^ AOB 

= r. r. Sin AOB 

«r- 'Itt 

= s.n ^ 



Uthe number of the sides of tlie polygon is increased 
indcBniiely, this area becomes the area of the circle. 


/. The area of rhc circle=Lt 


Sin 




n 


n-> CO 


T 

=Li — > 


'1 •>— 


Sill 


2r 


n 


n 


n “>oo 




n 


(Please note this step 
Sin 


‘ 2 n 


= Li?Tr'-. 


u 


27T 

n 


[■. If;i 






,cr., 


- -t* 


n 


a. ' - '‘O 
•> 




Lt 


Sin e 


=‘) 


e-»t» 
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(») Perimeter of the polygon=n. AB 


=«. 2r Sin 


TT 


n 


= Sin - 


7T 


n 


This peiiineicr will become tlie circumference ot 
circle if the number of sides increases indefinitely. 


ihe 


the circumference ^-Lt ’2nr Si 


in 


TT 


n 




Sin 


Li 2 nr. 


n 


n 


7T 

n 


=2nr 


Please note this ^tep) 


(r Li 


Si 


in 


«• 


u 


= 1 


n 


n 


Solved examples 

1. If R, r be the radii of die circuincirde and the c-rde 

mSCTi^ in a re^ar polygon of » sides, each side bein'er of 
length ff, prove that 


R4-r=.; a Col(,,- ) 


Sol, We ha\ c K 


a 


and 


j - 


K.r. Pn 

a 


~~m:) 


n 


• R-rr- 


2 Sin ~ 

n 

1 


- liin 


•Sin 


n 


. 1 . \ 
TT 1 

an — 1 
'' / 



187 



2 Cos^- 


a 

•T 


7T 

2« 


- in i 


=4co.(ir) 


Em. 2. li an equilateral triangle aiul a regular hexagon 
the same perimeter, prove ifcat their areas aie in t le ra.io o 

Sol. Let the perimeter ol each=h‘J 
each side ol the 
and each side of the regular 

hexagon=<* 

Now area of the A = 5 Sin A 

=:il ‘Ja. 2a. Sin 60* 


2e= — «V3 


Also area ol the hexagon 


[ 


6 (a)^ 

4 

area = 


Cot 30 
na 


Col 


o ' 


‘““‘’=3V3?“ = 


o 


have 
2 : 3 




CHAPTER VII {Contimed) 

Variations of Trigonometrical Ratios and their 

Graphs 

r die variations of Sin as increases continuously 

Jrom 0 to 360 , atul to exhibit them ^Taphically. 

In the figure /.XOP- • 

Let the revolving line OP be of coVist.ml length, say 1. 

MP 

oi* ■ 

^OP being constant, we have to ol)sci vc the variations of 


Now sin^^ 


MP. 


P 

X 


First Quadrant. In the first quadrant when ^=0° 

M and P coincide and therefore 
MP is zero, so that Sin 0'’=0. 
.Vs 6 increases, MP and therefore 
Sin 0 increases, till when t?=90° 
MP=OPand hence Sin 90^=1 
Thus in the first quadrant as ^ 
varies from tf to 90', Sin ^ is 
positive and varies from 0 to 1, 
/.r., increases from (t to 1. 

Second Quadrant. As 
increase.^, MP is positive and 
decreases so that Sin is positive 
and decreases ; and when = 
1*^0 , MP vanishes and therefore 

Sin l«i» - n. 

Thus in the second quadrant Sin varies from I loi'i c., 
dei leases from I to 0 and is positive because MP is positive. 

Third Quadrant. As increases. MP is negative and in- 
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m 


When 0=270", MP=OP in magnitude and /. Sm 1- 

Thus in the third quadrant Sin 0 varies from 0 to-l^and is 
negative because MP is negative. 

Fourth Quadrant. As “ decreases 

300^-- 

Thus in the fourth quad.ant Sin 0 varies horn - 1 

is negative, because MP is negative. 



table for the sine graph 
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n 6 To iraa ihe ooualions ofCos^sUvarUsconiimu^sIr 
fJ o^ t 360^ and to exhibit thorn graphually. 

Refening to the figure of Article 12.5, CosW - Q^, ■ 

So the variath.ns hi Cos <1 tlepend upon the satiations in the 

'"''F^stauadrant. I" ^e to quadram ivhgj^6=^^^^ ^nd 
L" Owtd thegfoi. Cos « decrease, till when 6 9U . 

r to « varies fi-oin 1 to c. 

‘''^"rrari-ad:^r a":; 

increases in "Magnitude, conseq y OM=OP in magni- 
increases in magnitude, tiU when a = 180 . uisi w 

lude and hcncc Cos ISO*^— *• 

Thus in the second quadrant Cos h varies from 0 to 1 ant 

is negative because OM is negative. 

Third ftaadrant. As 0 increases. OM is still 

2 * 700— 0 

Thus in the third quadrant Cos 0 varies from - I to .O and is 

negative, because OM is negative 

Fourth Quadrant. As 0 increases, 'OM is positive ,ind in- 
creases" to Cos 0 is podtive andjnereases, till when 0 -Wt . 

OM—OP, and therefore Oos 3o0 — i . 

Thus in the fourth quadrant Cos 0 varies Iron, U to 1 a, id is 
pa^itivc, because OM is positive. 



TABLE FOR THL COSINE GRAPH 
































12.7 Totrac^ tl^ varinUons of lanO .,sll van,^ o,nt,n„o„>ly 
from O' to 360° and to exhibit them ^rnphicnily. 

Mr 

Referring to the ligure of article tan ) ■ . 

So Uic varialiom in tan depend upon tbe vanaiioiis in lioth 

MPand OM. 

Fii-st Quadrant. In die lirst quadr.uU wlien fJ n . M and 
P coincide so that MP is ^eio and OM -OPand the.ein.v 

tan O‘'=0. 

incieases, MP incieases, and * 

fore on both these accounts tan 0 in< u-ase . 

turned through an angle which is shghtlv less ihau . ^ > angi 

so that Pis veryneartoY, OM>svc.vMn..lland.\U .s nc > 

neailv eoual to W or I and consequendv t.ai ' is vu\ hir^t , 

therefore by taking an angle Mifficiendv 
make the tangent as large as we 
siike of brevity cxprcsM-tl thus : the i.tuveiit 

In the first quadrant, therefore, tan " 

0 to 00 (infinity! and is positive, because MP and OM are 

both positive. 

Second Quadrant. As (' incieascs siiglal\. OM liccoiues 
negative while remaining small and MP is positive 
nearly equal to OP or 1, so that the cuircsponding 
verv Urge and negative. As incieascs m magnitude OM 

in magnitude while MP decreases, so ^ 

in magnitude, till when MP is /.cro, and OM 01 1 

and therefore tan 180'=t>. 

In the second quadrant, therefore, tan varies from 
-00 to 0 and is negative, because OM is negative and 
MP is positive. 

Third Quadrant. As im leases. UM -md Mi’ 

comer.eg.aneandONl deuea>c.>.n niagniuides ^^lulc Ml m- 
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creases iu inagniiude, so that tan is positive and iacrease&, 
till when '^->•-70'’, OM-^O and MP-*-OP = I and tan 270® is. 
infinite. 

In the third quadrant, therefore, tan varies from O 
to x and is positive, because OM and . MP are both 
negative. 

Fourth quadrant. As iiurcses slightly, OM is small 
but becomes positive, while MI' remains negative, and very’ 
nearly equal to OP or 1 so that the corresponding tangent is 
very large and neg.uivc. As fi increases, OM increases and 
MP decreases in magnitude, so that tan t) decreases in magni- 
tude, till when MP is zero and OM=OP = l Jand 

therefore tan 3i>n‘"=U. 

In the fourth quadrant, therefore, tan 6 varies from 
xto’O and is negative, becaase OM is positive and 
MP is negative. 

Note I . It tollows that tan is capable of assuming any 
leal value whatever. 

Note 2. It also follows that there arc two angles lying 
between t) and which have a given tangent ; if the 

given t.Migent is positive, one of the angles lies between 0® and 
iMi 'and the other between 18ti* and 270®, but if the gjven 
tangent is negative, then one of the angles lies bteweerk 

and iHd® and the other between 27tt® and 360’ . 



TABLE FOR THE TANGENT GRAPH 



0 8SrU l- 00 - 00 + z*l 9S- O oo- oo+ Z l 69- 0 
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M6 increases, OM decreases and MP in«-rcas^ . iM 

Cot « decreases, till when 0=9O^OM IS zero and Mi - Ui'-i 

and consequently Cot 9(i =0, 

Thus in the first quadrant Cot D varies from » to 0 
and is positive, because OM and MP are both positive. 

Second quadrant. A. .> incrcse., OM 
and increases in masnmnle. while MP .s ■■"<* ‘'“-‘Xn 

so that Cot d is negative and increases m ^ 

9 is very near to lS<r . Ml> is scry small and OM is cn 
equal to OP or 1 and, dicrefoic, Col is' is nc^a 

“us in the second quadrant Cot " Hes from 0 « 
-00 and is negative because OM is negative and MP is 

positive. ,y V 

Third quadrant. As 9 is slighiK ,11 .,„d 

OMand MP bolhbe.ome negative „ ismisitive 

OMh very nearly equal to OP or 1, so tli-U 

and infinite. As 0 increases. MP iiu i eases ui ‘ ^ 

OM decreases in magnitude so tha^ Cot ,cro .tnd 

teases in magnitude, till wlicn ^ ' 

MP=OP or 1 and therdorc Col 270 '■ . . ^ 

Thun in .he third qnadrant Cot t< 
and is positive, because OM and MP ..n 

negative * ,1 . becouic*'^ ix.s^'.^c 

Fourth Quadrant. As 9 increases OM bet 

and increases vs-hilc MP is negative and ( c* i a- t< b 

so that 0 is negative, and im reases in nugm ttj ’ . , 

very near to 380“, MP is sm.dl and OM .s very e. ly c<| 

OP or 1 and therefore Cot is je, from 8 to 

Thus iu the fourth quadrant < ot » „pp„,i,e 

—00 and is negative, because OM and 
sign 


Note 1. It follows that CH)t 6 is f.ipahlc ot .csMiniing 

two .mgles King 
if 

I>clwcen U-- and Mtv , wmen u.-vc *■ t,*-y Iv-ivscen and 

given Colangcml is iM,siiive, one oft .j. 

iio° :tr.rl thf ftthftr between IHO ano - : . , ... un- 


ical value whatcvci 

Note 2. It also follows that there . jf ih< 

l>elwcenO%nd :hi0\ which have a «‘\en Col.mguit 


<J0°, and the other betNveen IHO Pes beiweeu t 

Cotangcni is negative llicn one ot the .ii g 
and 180° and the otficr between 1 <0 aint d > . 
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12 9 1 0 li(i(t the KiTialions oj Secant i) as varies cmtiaucusly 
J '“W (f to 360'^ . and to exhibit them Qraphically. 

OP 

KfTerrinq u> the figure of Article 12*5 Sec^'— , . 

OM 

( >1* heifig ronM.int: we have to obien'c the variationi. of 
OM. 

First Quadrant. When is zero. M .mcl P coincide, so 
ili.ii — Ol’ and <iinsequcntK sccf»'’ --l. .\5 >> intjeases, 
O.M (le* teases so that Sec o increases: when is very near 
to . OM js very neat to 0 and therefoie. Sec is infinite. 

Thus in the first quadrant Sei i' varies from I to co 
and is positive because OM is positive. 

Second Quadrant. A.s ^ increases shgluls, OM becomes 
iicgafiw and reni.iiiv^ Mii.ill. ^^) tliai Sci is negative and iniinile. 
A-' lurc.ises, OM imrCwSe.'- in niagniiude so that Sec tf is 
lieu. Ki'.« and cici reasc' in magniinde till when ^=1S0'. OM 
cqn. Is {JP in ncgniiuJe and lUerefnre Sci 18U 1. 

Thus in the second quadrant Sec d varies from 'X to 

— 1 is negative, because OM is negative. 

I bird Quadrant ,\s c increases, ( )M remain-s negative 
and ('.•. ic.i'-e-. in magnitude ; so th ii Sec 0 is negative and 
iii' ic. vcsin magnitude : when H comes nearer and rie^irer to 
2d' O.M bci (lines sm.illei and stn.dlci therefore Sec d becomes 
laigr: nid huger; hence Sei 27t» is infinite and negative- 
Thus in the third quadrant Sec d varies from ! to 

— ' and is negative, because OM is negative 

Fourth Quadrant. As 1) incieascs slightly, OM becomes 
1"-!:; ' ,md remains sm.dl and therefore see d is positive and 

AsO incicases. OM increases .ind ihcieforc m. 

‘I' ' I' cs till when d :;o(. . OM QP and therefore Sec afiO'-l. 

1 hns in the fourth quadrant Sec d varies from a to 1 
and IS posiiive because OM is positive. 

Note 1. l! loliuws th..l S(a (i never lic^ liciv.ceri I and 1 

■lid ifi-.i It is . ,,ravMiming am te.il value not Ivin® 

I 1. ■ ® 

Note 2. Ii ..iM.iolkm; iluii ilu-ic ,.rc iwo ..nrfes Ivinc 

, ,„l .vl.ia, luve u .,VC„ .Seem, i?, he given 
■ ^ -ui is ,„,s,.nv. ,„U- C.l ihc .ingles lies beuveen n ,,„d SW nnd 
e n h,-' l«u, e" 27" ,„ui .•l.i"! I.mif the given .Seran, ,5 
f-' 'i\t . ilicii ilic ailuies lie between On .,nd 2Tn 



FOR THE SECENT GRAPH 








3 9.1. To trace the variations of Cosec 0 oi 
from 0 to 360^ and to exhibit thm graphicaUy. 

Referring to the figure of Art. l-.o 

Goscc 


m 

contiroioast} 


ihc vari<iUoii' 


MP is positivt; 

Coscc s<> 

^ * 


OP being constant, we have to .^l^ser^ 

Kret Onadrant. When 0 is very small, 
and very small and as Ml ^ incica^es, MP in* 

equals OP and th^clore Coscc - l • I 

Thus in the first quadrant Coscc n vane 

second quadcan. Cosec 0 varies from 1 

to 00 and is positive because e.*.,lJghUv M P is mt iU but 

Third Quadrant. As 0 mcrea.c si gfib> > M i 
becomes negalive, so Uwt Cosec j,. ,i.,,t C^o-ec •' 

As 0 increases, U 1 mcre.ises n J.; equals Ol’ in 

decreases in magnitude i, 11 «hcn Ji--'" • T 

magnbude^and .he^efore^uXn'. Cosec » varies from 

to -1 and is negative, becanse MP ss ncgat.ve 

Fourth ftnadrant. As 0 mcre .sesM • ,.„d 

and decreases ■>>. "'•'S'"'”*)' ■ ”‘'p‘oSics ne.nei and nc'rrr 
increases in magnitude. When ' PI . ' , Co-ct « bcioinc’ 

larger and larger •, hence Cose 36tl ,s ncg.i . , 

Thus in the fourth quadrant Cosee '» 
to -« and is negative because MP is “'8^ j ,„j | 

Note I.-It follows that Coscc « netc. 

and that it is capable of assuming any ic.il tahm 

between 1 and —1- . ^ angles lying 

Note 2.-It also follows that . il The gbxu 

between 0 ” and which liavc a ^ . i„u 

Cosecant is positive, the ang cs mclcs lie between 1^’ 

if the given Cosecant is negative, the .mgles 

and 300*. 
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E». 1, IShuw tlut Sm 5U°>Cos 

The angle is in the first quadrant where Sin 0 inc., — 
from 0 to 1 and Cos 0 decreases from 1 to 0. But at 4^®^ 

4ri"*=Cos 4r>'' lu-cause each of them is After reaching 4fi*, 

Sio 0 increases while Co^ dcixeases. 

Sin oO® - • cos . 


Ex. 2. Determine \vhether Sin A-t-Cos A is positive ot 
negative when A = IH(» . 

The angle is in the secciud quadiani where Sin A is positive 
and Cos A is--ve. Also in this quaduuii Sin A decreases from 
I to 0 whereas Cos Adeueascs from 0 to -1 and therefore 
Cos A increases in imgniiudc. At 13.> Sin A and Cos A arc 
equal in magnitude (liiough opposite in sign). Therefore after 
that (i. r., at 130'^) Cos A is greater than Sm A inj magnitude 
and is negative, . . Sin A a Cos A is— ve lU A - I3rt' . 

This can also be done as follows : — 

Sin 130^ -Sin (lbt' -44M -Sin 44 

Cos J3H®=Cos 44V = — Cos 44 . 

Thus at 13t)®, Sin A -f Cos A=Sin 44‘— Cos 44‘. But it i» 
easy to argue, as is done in Ii\. 1, that Cos 44® '-Sin 44*. 

Sin 44 - (’os 4 t is negative. 


EXERCISE XXV 


I . Prove dial 

(») tan A— (Jlol A is positive when A— 53' . 

(ii) Sin A— Cos B is not negative wiien A and B are bet- 
ween 45® and DO®. 


2. Prove that Sin A+Cos A is positive if A lics between i;V 
and I3o , biu negative il A is between J35- and 225^ 

f variations of Sin 0 as 0 v.trics from— w to n- 

and exJubit iliem by means of a graph. (P. (J. 194'> S ) 

4 wlhc graph oO = Sin AT as* varies from 0 ° to ISO’ 

and horn graph Imd ont the values of* wlien (i) Sin *=- 3 , 


(/>. U.) 


5. Draw ihc graph ol\>=Cos x when x varie> I'rom — tt to ^ 
and make use of the graph to solve the equations (j) Cos*- *. 

(n) Cos *= — 2. 

6. With the same axes draw graphs oi > - bin x and j 
Cos X for 0 <x<2n and lead off from vour graph the lOots of 
the equation Sin a =Cos x. 

7. Use the graph of^ = tan X to solve the equations {/) tan 
x=i. (ii) tanx=t— 3. 

[Hint: — Here tan x-^i. Lci^=t..n x . . j!={. 

Thus draw the graph )»=tan x and read where y=i cuts 
it.] 

8. Draw the grapli ^=tan x for value> of x lying between o 
and 180° ; show by means of this graph tli.it x—^O is a solution 
of x=50 tan x, where .v is measured in degrees. 

9. Trace the changes in (i) Sin 26, (ii) tan 2tf, (Hi) Sec 

Varies from 0° to 180° and exhibit them by means of 

graphs. 

10. Trace the changes in Cos as \ai ici from 0 to 
and exhibit them graphically. 

11. Solve graphically the equation Sm x- Co^ ,% t i' where 
X is acute- 

[Hint. Draw the graphs of y—'.l Sin a and y—2 »-Cos x 
with the same axes.) 
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8. lou(v3-*-l) ft. 
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EXERCISE III 

•» ' 86 5. II 
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t) Cos A f/'O Sin V .•««) 


•> 


-1^11 


4 -.1 

’’I 0 


2 

A. 40 
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*> . ito 

±189 


13. 

EXERCISE VI 
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^ V 2v/2 ’ V -V*^ ’ V 
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9. ^ 


a 7^ 

” v/58’ V''>^ 


10. 2-v/3 


i. 


2 . 


EXERCISE VII 

(i) 2 Sin 2 0 Cos 0 (h) 2 Cos o Sin U 

(/«) 2 Cos 5 0 Cos a 0 (?i'J 2 Sin 3 ^ Sin 2 0 

(u) 2 Sin 5 A Sin 2 A 

(i) UCos60= i Cos20“] (/(■) \[Cos l()A-Cos 12A1 

(ni) USin loA-Sin 4A] {iv) Cos4A-Cos lOA 
(o) ?,[Cos 4A— Cos 12A (ti/) i[Sin l(tA-!-Sin 4A] 

r.XRRCISE IX 


f. (»■) 

w S-J - ' 

2. (0 a^+/=2 

iiii) q{q-p)=~ 


:: 4 


= 1 


2 ^2 


f'i')". j-=l 


( /i ) {Six + 7j) - i - (4.V - -V) - = V 73 ) - 

3. .vM-r— 2.v> Sin (a-i-fj; 

— Cos" (a4-^) 




I 


5. a2,/ = 1 
7. a,,x-- 3) r2^'=0 
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.T 
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A = (W ; «) 



077 



^ ^ 2 ’ 24 

iml C=-(/— ;t) ^ ” whcie /, m, « 

are integers. 
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4. 
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5. 
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12. 
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14. 

2?t 
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15. 

2 fm 
m±rt 

16. 

.4y)i I) : 

m-^n 

77 

•> 

17. 

,anfl-(2«+l)iV4«‘ 

4 

• -(- 4« 
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18. 


!9. 

?T 

«”i- .r 



m+( — l)^n 




20. 
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21. 

//;r 2r 

2 ”^4 



4 
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24. 

25. 

1 . 
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5. 


I. 


2 . 

3. 
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3 . 

7. 

10 . 


nn or /m-j (--!)"« 

where Sin a— 3- 
nr., un — 'p where tan 9 = 2 

rin , I 

' Q jHTTrra where tan a=— -- 

3 V2 

hXERClSK X\’I 


I — 




V-Mog, 

(hi) S, logj/=‘7a (^fp) loc«-6***= — '2& 

(i) 3 (it) - 1 (nV) _ 1 (,j,) 3 

(") (^oga"-log.,=}-'.log„’ 

(ni) V log„H3 log/-: 4 1og.,'3 (h) log,’ 

EXERCISE XVII 


}7 
(i'll) 


(i) " (it) -2 

(f) -3 (vi) -(i 

(*-v) 1 (A-) o 

exercise XVIII 

(i) 3-(i3o2 (,-,■) Mf(3s 

(iv) 2-103S (r) -f rutryj 

(»i) 5-1038 

(0 31 (h) 1 10 (ml 140 


I 


(ii‘) -I 
irm) —2 


(i) II 


(ii) 200 (m^ 17,; 

EXERCISE XIX 


(iti) 3 *03o2^ 
(I'i) j MOSS' 

(it') 120 
(iV) 30 


(0 -l'23(iapp. an ,,3 

' *•' ^ •3048330 6. 0od573 

0 - 90 O 4747 8. 10-0132000 9^ 17 «->"'^t 

10-43 years. 



1 . 

2 . 


EXERCISE XX 
A = 15% (2- v:t). 

5®_44'^:*0'' : 3. A=41i- -20'-30’ ; 


4. 

36“-26'-7-7'' 

5. 20- 

-33'-54" ; G3’'-2(> 

1. 

EXERCISE XXI 
i=:61-5l, f=32*51 : 

O ' : 00 \ 5 

A 50 30 ' 

2. 

6 = 25-07 

c = 26-55 


3. 

b=2:ii. 

r = ]-5SI, 

A -00 20' 

4, 

A -42= 54', 

6=25'07 

i =25.5i) 

5. 

87'' 8' : 

«=298, 

/)= 14*35 

1. 

exercise XX u 

A=32‘’-12' : B=4r>" - 12' : 

C--iOl -30 

2. 

A = 60'= ]o' 

A =40’ 28' : 

B=58= 40' 

4. 

A = 20'-5«' ; 

B=20'-3O' : 

G ^32^ -34' 

5. 

A=H0 10'; 

B = 2S -8' ; 

C 01 42 


6. Arca^.jolHOO sq. It ; r=l4S tW!i. 

7. A=iJO"- 4' ; B ^-4H' (i : 

EXERCISE XX [H 


1. 22' 

2. B = n7 30', C = 3.V — 30', =^IH r.l 

3. 6=73^-35'. C = 30°-4r>' 
a=22(V0 

4. B=92°-4I ', C: 54'^ 4it', 

a=5!ll7 

5. B-I18" 37';C=3r-4.-.' 

a=20*9'» 

6. 71°.-44'~2!r ; 48 -10'- 31 

7. B=78' -4M' -52" ; 0=50'’ — 41'- H 

8. B=50 -10'-41V' ; C 03 4o 11 



m 


EXERC:i.se XXI\ 


-4’r; B, = lirJ'™S''^«ions: 6,=-«0 3M .8' 

>. mo?";:.r”'"'r.."-'-"T'»' 

c T% • o Ji ^3*) ^10 • •ik* 

5. B.=58«-,„-3«-. B,=,2,=_3'-r ’ ~ " 

C.=87 -48 7', C,=23«-4|--53- 
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K. U. 1957 

exprisi^ilTn texaishnaf'n p constant an.^k- 

•crond. sexagesimal measure correct to tlie nearest 

U\ diflerence between tt and tr radians ? 

in Jni angk°Vovllh!a 

5 _G 2UC 
J> ~10 - „ 

(o; Prove tlral .Sec^„= 1 ,u„-- « wl.ere tJ ,s anv angl, . 

: " ft ruclc , at a ijomt m tlic road between tite posts U.c 

leyations of the tops ol the pilla.s are «0° and So . Fj^d h. i. In 
f the posts and the position of the poi.it. 

it. 00 Prove that for all values of V, tan i.. , ./) =tan «. 

„• ‘nnWIor 0<tf<LVand l.nd lion, 


fc) Prove llial tan if laii ( - t/ ) I ti 

li a + fi-. y- ™ ^ 

tan a Uin 3 t-ian tan y riju y tan z— (. 
I'ind tlie circular linr tions f)!' 18 . 

{c > Prove lliaf C.os 20= Cos 40’ Cos <io' Cos 80 

B C 

t.ia 

(tf) To pn»vc Ilia) in any \AliC. jj^C~ 

tan — — 


210 


[b) If fl, b, c are in H. P„ prove tliat Sin- 

Sin'^ Sin® v are also in H. P. 

2 2 

[c) Solve the equation Sin 4 0=Sin 

0. {(7) ir(i = 182*5, /> = 82T), A=72Mr>', volve the uianglc. 
b) Prove the formula R = ,, n =o 


■2SinA"2Sin B"2SinC’ 
wlierc R i!> ilie riu umraciius of a triangle ABC. 

K. U. 1958 


1. (fl) Show that the length of an arc subtending an angle 
ft radians at the lenuc of a circle of radius r, is 

(M A pendulum 8 ft. long oscillates through an .mgle of IP’; 
^vhat is the length of (he path its extremity describes between 
the extreme positions ? 

(c) The angles of a quadrilateral are in A. P. and the 
greatest is double the least; express the least angle in degrees and 
grades. 

2. (fl) Coiisti uci angles Ijciwecn <»* and 360' whose tangent 
is I and find their Secants and Cosecants. 

(6') Prove that tan t' ^Sec fl’'*— ^osec ^ , 1 
' Cosec^ — 1 

(r) In a cyclie quadrilateral ABCD, show that : 

Cos A ' Cos C==o and Cos R+Cos D=lh 

3. Two men A and B. 13fiU yds. apart observe an 
aeroplane C at the same instant and find the respective angles 
<if elevations to be 4a' and 0'*'. If the plane ABC is vertical, 
Jind the height of the aeroplane. 

{b) Draw the graphs of tan H and Cot 6 between (J=ti and 
0=::and from your graph find the values of 0 which satisfy 
tan t’=Col 0. 

4. ifli Prove that Cos (A-i-U) Cos !'A-B1=Cos= A-Sin'B 
•b Prove that Sin 7o‘- Cos S(i Cos 40'^. 


(c) Prove that, if A : B+C- 180\ then 


Sin 2A-fSin 2B-|-Sin JC ^ Sin — 


Sin A-f Sin B-FSinC 
(a) Solve Sin «-rSin 


V 


where + f 

Prove that Sin A: Sin B-SinC- ^ m any .. 

\BC wheic K IS the Circuin-radius and a + 

^a) Given lo-^ 2=-:hHu3, Imd the number of digit. 

4 

I. A -,n 1071, /»^S73; tuid to the ncale^l 

, l.^H'Yivcri loR 1U7 I - 029783, L Sin 5U'=U-884254. 

>cl. angle B. Oi p , lory s,*73 

in 70 ’ = 9 - 972 !) 8 <), L Sm 70 I =9 J73U3-, log o. 


tU. 


K. U. 1959 

lui I'rovc lliiii llie radian is a constani angle. 

lanA+SerA-l 1+Sin.\ 
(b) Show thai (^„,,,_Sec A+l 


Cos A 


'IVace die changes in the sign and magnitude ol th.- 
trigonometrical ratios o| an angle as th< ingl* 

increases from o to 360 . 

ih\ Find a solution of the eHuauon. 

3 tan W-i-Cot fl=5 Coscc 

a .sn, b. 

'6) Kind the expansion of Cos 3 A. 


(a) In a AABCif^ Cos^ ^ c Cos^ 

tliat the sides of the triangle arc in A. P. 
ih) Prove that 

l()g."‘=logr loK*- 


'3b 

•> 


S 


liov 


218 


5. (fl) If A-j-B-f C= 180®, Prove that 


Sin*-^ +Sin' i+Sin*^ =1-2 Sin^Sin ® 


Sin 


(6) In a A ABC prove that 
R= 


2 Sin A ' 

K.U. 1960 

I. (a) Prove thai (l+CotA+tan A) (Sin A-Cos A) 

_ Gosec A 

Cosec® A Sw®~A 

(M From the top of a cliff, 200 feet high, the angles of 

•t'r'Tno? ">.P “"I bo'to™ of a tower are observed to be 
.)0 and 00 respectively; find the height of the tower. 

i Cos A sL B™'' S'“"’"™aUy that Sin (A+B)=Sin A Cos B 

(4) Showthat„. Sin*A-Sin®B _ 

Sm A Cos A-Sin B Cos B (A+B) 

•!'Ar®t°=‘*“°''*™=‘'>owthat 
Sm- A-fStn* B+Sin« C=2+2 Cos A Cos B Cos C. 




{b) Solve the equation : Sin ^+Sin =Sin 40. 
4. (a) Prove that (i) |og,( J )=logr-log,', 

(i) Show that in any A ABC, Cos C= 


• K 


Trt 

--v/.J, <:=1 and .4=30^, then solve the AABC. 

{b) If r l>e (he radius of the incirclc of Uie triangle ABC, 

then Show thair=A, A , a 

s ’ ^ ^ denote respectively 

the area and the semi-perimeter of the triangle ABC. 
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K.U. 1961 

1. [a) Prove that 

^ l-ta„> A/.- 
I+tan2A/2 ^ I+tan^A/L* 

foiuld^o^Vo '““"'i!'' *““‘‘‘■’8 O" •* '«<=' plane is 

W^ Tt k 4^ P°®'' when the sun-s altitude is .-iO’ than 

It IS . Prove that the height of the Intvei is 

30 ( 1 -L -v/3 ) feet. 

U) Prove that Sin (A-f-B) Sin (A -BJ=.Sm-A-Sin-B 

and Cos (A + B} Cos (A-B)=Go.s 2 A Sin- B 

= Sec^A^*^°'^ l-^tan A tan .\/2 = tan A Cor A 2- 1 



4. 

of digits 

ib) 


(ff) irA-rB fC 18 (r, prove that 
tan A /2 tan B. 2 -rtan B /2 tan C/ 2 -f tan C '2 tan Ac* - 1 
(A) Solve the equation Sin /?q-Sin o 0 =Sin IW. 

(a) Having given log 3 -- 477 i 2 l;t, find tf.e nu.uher 

ill 

In any ^ABC, prove that 



a Sin (B-C) h Sin (C-A) c Sin 'A-H) 
(a) Show that in any triangle ABC, 


n- 


hi 


tan (B-C)/ 2 = Cot A/ 2 . 

{b) If R and r denote respectively ilic radii of t),e 
circumcircle and the incircle of any triangle ABC, prove rli.it 

Xjhc+ijcd-r I 'nU = \ /2Rr. 


Higher Secondary 1961 (J & K. University J 

Note : — Do questions worth 44 marks. Complete qu<-sti<mN .ne 
to be attempted]- 

1 - {a) Prove that a ladian is an angle of (Oll^^ant 

magnitude. 

( 0 ) Exp ress 2*2 ladiiin in llie Sexagesimal ami C^en- 
tcsunal Systems. 



2. (fl) Express all the circular functions of 0 in terms 
of Cos 0. 

[b] Given that tan t^ = I, when ^ lies in third quadrant, 
find the other circular functions of 

0> 

Eliminate d from a Cos il-^b Sin 

Qi Cos ^ Sin — 

o, I'O Prove that the logarithm of the product of two- 
factors is equal to the sum of the logarithms of the factor-. 

:/>} If i~h-^lah, then log ( * ) 

\ (log rt-rlog //) 

4. (rt) Solve the equation .V ' — 2-^' given that Log 

2-^;ioio. 


{b) Given that Log 2=*3Ull>, lind the position ol the 
iii>i significant figure in 2‘^'‘ 

o. {a) AD is the bisector ot ol the _j.\BC, inectuig 
HC’ in D. prove that 

orv Si n C» f 'i^ _ ^ Sin li 

Sin C+Sin B ' Shi C f Sin B 


(^> In a A ABC, if 


Cos A Cos B Cos C 


a 


I'juve tlial the U'iangle is equilateral. 

•>. A tilde witir radius R passes ihiough the N-crticn 
.\. B and 0 of the A ARC. Find that the 

- , Pixxiuction 

4R 


Or 

At a point 2UU ft. from the base of a lower which 
stands on a horizontal plane, the angle of ele\ alien of thr tnn ;c 
du . Find lire length of the t«>wer. ^ 





LOGARITHMS 


I 


m 


0000 0043 0086 0128 0170 


0414 0453 0492 0531 0569 


2 1 0828 0S64 0899 0934 


U 39 >»73 > 2 o 6 1239 1271 


14 G 1 1492 1523 »553 1584 


1790 i8t8 1847 1875 


2041 2068 209 $ 3122 2148 
W 23 P 2 jss 2380 2405 


18 2553 2577 2601 2625 2648 


1788 2810 2833 2836 p 87 


010 3032 3054 3075 
222 3243 3263 32 S 4 
424 3444 3464 3483 


59 

0374 48 


0212 0253 

0607 0645 06S2 0719 075s 
0969 1 004 1038 1072 H06 
>303 «335 >367 2399 *430 


1614 1644 1673 1703 1732 



1903 193 » 

2I7S 2201 


«9S9 1987 2014 


2227 22 S 3 2279 


3 

3 


36 10 
37 10 
36 9 
36 0 


3«i 9 
36 8 

30 8 

35 8 


35 8 

243012455 2480 2504 2529 35 8 


25 

2i 


2672I2695I2718I2742I2765 


3636 3655 3674 
3820 3838 3856 

3997 


150 4(66 
3 ' 


30 

31 ,4914 

82 15051 5-4)5 5 ., 79!5 
5185 5198 5211 15224 
S 3 «S 

S 44 I S 453 i 54 GS ;5478 
S 5 f >5 SS 7 S 558715599 
„ i,S' » 5694 57 os!57I7 

83 ll 57 5821 1 5832 

59 " S 92 J] 593 )j 5 ?M 

I O031 :6042 6052 

3 613S 6l/,9|0lto 

243 62^3 6263 

345 ^> 35 si 6365 

5 


2923 

3«39 
3345 
3541 

3729 
3909 

4082 

4249 
4409 
4564 
47»3 

4857 

4997 
5132 
15263 

539 « 

5514 
5623 563s 
572915740 5752 
5 '^ 43'5855 5S66 
5955 '5906 5977 
6085 

G17016180IG191 
6204 

‘>3751636516395 

6493 

6590 
666; '6675 6684 

6758)6767 6776 

8 1 6857 6866 

6955 


2945 2967 25S9 


3160 3181 3201 

3365 3385 3404 

3560 3579 3598 
3766 3764 
3927 3945 3962 

4099 4116 4133 
4265 4281 4298 
4425 4440 4456 

4579 4594 4609 
4728 4742 4757 

4886 4900 
5024 503 S 
5«59 5'7a 
5289 5302 

54«6 5428 


24 7 

24 6 


24 6 
24 6 

2A 6 

24 5 

23 5 
23 5 
23 5 
33 5 
>3 4 
13 4 
*3 4 
•3 < 
13 4 
>3 4 


1721 26 
16 20 24 


62023 

51822 


1,41821 
14 «7 20 


316 

3 '6 


2 

2 


11 >4 17 20232 
n 14 17 19:2 2 
11 14 16 492224 
10 13 16 1821 23 

1013 i5i>8 2o:3 
> 0 12 15 H 7 20 2 2 


6 

ill 

5 >7 19 
618 

5 


S 
3«5 
3 
2 

3 


5539 5551 12 4 
5658 5670 1 2 4 
5775 S 7 S 6 1 2 3 
588 S 5 S 99 12 3 
5999 6010 1 2 3 

»3 5 
»2 3 
23 1= 3 
25 12 3 
22 I 2 3 

>8 12 3 
2|6712 I 2 ■3 
“03 12 3 

03 3 

Si 1 3 3 


0 10 

8 10 

7 

9 

7 

9 

•• 

/ 

0 

7 

H 

6 

8 

6 

8 

6 

7 

6 

7 

6 

7 

S 

t 

S 

6 

S 

6 

5 

6 

5 

6 

5 

6 

5 

6 

4 

5 

4 

5 

4 

•5 

4 

S 

4 

5 

4 

i 
































































































































iogaritk«is 



8 8 112814661789 





8(29 

8i9S 

67 8261 

68 8325 

69 8j88 

70 8451 

71 8513 

72 8573 

73 8633 

74 8692 

75 8751 

76 8808 

77 8865 

78 6921 

79 8976 


85 

66 

87 


19445 

89 I! 949 

9542 
9590 
9638 
9f>85 
9731 


98 1,9012 
5 


7007 7ot6 
7093 7101 
7«77 7«8S 
7251 7259 7267 
7332 7340 7348 

74J2 7419 7427 

7490 7497 7505 
7566 75/4 7582 
7642 7f'49 7657 
7716 7723 773‘ 
7789 7796 7803 
7860 7868 7875 
793' 7938 7945 
Hooo 8007 So 1 4 
8069 8075 8082 

8136 8142 8149 
8202 8209 Slis 
8267 8274 8280 
8331 8338 8344 
8395 8401 8407 

8457 8463 8470 
8519 8525 8531 

8579 8585 Usoi 

'8639 8645 8051 
86^ 8704 8710 

8756 
8814 
8871 

8927 

8982 

9036 

9090 . . .. 

9U3 9149I915 
9196 9201 

9248 9253 

9299 

9350 

9400 

9450 9455 94 
9499 1504 9509 

9547 9552 9557 
9595 9900 qC<S 
9643 964719652 
96S9 
9736 
9782 
9827 

987a 

99'7 
996) 


702417033 
7118 

7»93'7202 


7275172841 

17292 

7356 .7364; 

7372 

7435 7443' 

745 » 

75«3 7520 
758) 7597 

7523 

7604 

7664 7672 
7738 7745 

7679 

7752 

7810 7818 

7825 

73S2 7889 

7896 

7952 7959 

7956 

8021 8026 

8035 

8089 8006 

8102 


8710 

8768 

8825 

8882 

8938 

8993 

9047 


8156 8162 
8222 8228 
8287 8293 

S3SJ 8337 

3414 8420 
8476 8482 

8537 8543 

8597 8603 
8657 86 C 3 
8716 8722 

8774 8779 
8831 8837 
8887 8893 

8943 8949 

8998 

9053 0058 
9 k 6 
9159 9165 

0212 9217 

9263 92&9 
0515 9320 

9365 9370 

9415 9^20 

9465 9 

95*3;9$*8 


983219836 

8 


9795 19800 

845 


059 

U3 

226 

30 S 

388 

-466 

543 

619 


7694 7701 
7767 7774 

7839 7846 
7910,7917 


9« 

91 . 

9222 

92 


7050 

713 s 

7218 
7500 
7380 

7459 
7536 

7612 
7686 
7760 

7832 

7903 

7973 
8041 
S109 

817618182 
8241 I8248 
8. 

81 

8432 18439 18445 
8494 

8555 856118567 
861$ 8621 
8675 8681 

8733 8739 
8791 8797 

8848 83 s 4 
8904 8910 
8960 8965 
9015 9020 


9122 

9>75 

92:7 

9279 

9330 

9380 

9450 


9965 9969 


997819983 


o 67> 9675 

9717 9722 

9763 9768 

9809 9814 
9854 9859 
9899 9903 
9943 9948 

9987 1 9991 


23 345 
23 345 
1 2 2 34 51677 

122 345 
122 345 

345 
345 
345 


1223 

1223 
122 3 
1223 
123 

I 2 


I 2 
\ 2 

f 2 lS ) 4 lS 60 
r 2 
l 2 


a 33 
2 33 

I 2 334145 

2 23 
2 23 
I I 2 
I 1 2 
r I 2 


I f 2 
2 
2 

I I 2 
1 1 2 

I I 2 
I I 2 
I I 7 
I I 7 
! t 2 

1 \ : 
I I ? 
O t I 
O I 1 
O I 1 

0 I I 
0 } i 
0 I 1 

0 1 I 

01 I 

01 I 
O t I 
0 1 1 

0 I 1 

01 1 


234!43 5 
23 < 4 S 5 
ai'! 455 

a 3 3 4 5 S 
33 3 45 5 


mm 


233 445 
» 3 3 i -* ? 
23- 445 

= 33|Mf 
a 1 a '44 ; 
l 23 :'l 44 S 
2 3 3 j I 4 5 

233:445 

2 3 3 4 4 i 
3 4 4 
2:3 4 • 

-2 : ^44 

2-. 3M 
|: 23 o 44 
' 2 : ' 3 4 < 

223,344 

2231344 

2 a •; 1 3 7 4 
2231344 
2 3 3134 4 

a » 3 3 3 ■: 





































OOi 1005 1007 1009 1013 

033 1026 1028 1030 (033 IO3S 

047 1050 105a X054 10(7 io(9 

1076 1079 ioSt 10^ 

iioi it04 1107 1109 


1S8 Use 78» 


021 tool X 1 1 


26; 17781 
■S<3 I iSaO' 
•27 1362' 
£8 190$ 
•29 1950 

•30' 1995 
-31 2042 
•S8 2089 
•83 1 2138 
84 |ai88 

•3S 2239 
-30 3291 
■07 2344 
•88 2399 

•80 2455 

■40 3512 
' -41 12570' 
•42 1 3630 1 
•48 2692 
•44 (’2754' 

45 2818 
■40 1 2884 
-47 12951 
48 I 30J0 
-49 t| 3090 


1127 1130 
n<3 11(6 
iiflo 11I3 
1208 1211 
1236 1239 

1265 1268 
:i294 1297 

13U 1327 

»355 > 3 S 8 
1387 > 39 ® 

1419 142a 

‘<55 

1486 1489 
1521 1524 
1556 1560 

1592 >596 

1629 1633 
1667 1671 
1706 1710 

174S 175® 

1786 1791 
1828 1832 
1871 1875 
19»4 I 9>9 
S 4 |i 959 >963 
2004 3009 
30 $ I 2056 
2099 3104 
2148 3153 
21^ 3303 

3249 2254 
2296 2301 2307 
*350 2355 2360 
2404 3410 3415 
2460 2466 2472 

2518 2523 2529 
2576 2582 2588 
•2636 2643 3649 
26^ 3704 3710 

2761 a?®? 2773 

3825 3831 3838 
2891 3S97 2J04 
2958 2965 3972 
3034 yxii 
3105 3113 


045 00 1 
0^ 00 1 
094 00 1 
119 


1132 1135 

1159 1161 



459 
493 

528 

563 

600 
637, 
67s 16 



1718! 1722 


221312218 


2312 2317 


2427 2432 


. 1811 1S16 
849 <854 1858 
1S92 1897 1901 
19381 >941 >945 
1991 




2234 

2286 
2319 

2393 

2443 '2449 


5H9 



2679 

2742 

2805 

2871 

3938 

3006 

3076 

3148 






1 1 I 

I I I 

III 323 

1 1 a 22a 

t ! 2 22 2 
112 222 
112 222 
113 223 
112 333 

12323 

33333 

32 323 

122 233 

123 233 

123 233 

2 2 23 3 

22 233 

2 2 23 3 
1 23 333 

> 333 

222 333 

22a 333 

222 334 
222 334 

334 
334 
334 
344 
344 




344 
3 344 
223 344 
*33 44 5 

233 445 
233 445 
233 445 
233 445 
233 455 

455 

3 4 4 5 5 
14 45® 

314 45® 

3 











































&0'I)«6i|3‘7C 3*77 
3J43 3'S« 

33“^ 3337 

t 339«' 31*54 

C«1.34<'7 3475 34l>3 

355^ 356s 

3031) 30^« 


ANTILOGARITHMS 


8 


3«9*!3'99i3»o^*l33U|3»»» 3**? 

,33«4 

334*|3350|3337 133^5 33^' 

34.'0 34Z'jb43<' 34431 34U 5459 

yyi 




jS8i 3589 
3‘'^4 3 


6C * 

'I 4 

5 

7' 

67 

'■ 4 O 77 

68 

ft <*k 

l|47''-'> 

i . L 


Ssrt 3''9‘y 3?5«j39>7 39291393 
3'>3t Vf'r V//)\A'^ 4018 40J7 

ei ' 4 C .74 4 '.i 3‘4'*73!4>'’2 4in 14171 

62 ■4l'>0 

■ 4376 ;42»»5 14295 4305(43'5]43-'- 
64 4395 <375 43*<5|4395 •.4f>- |44<'- , 4 •;20 
CS' 44'-7 4477 44^7,449^ 45*5^ 45'9 •;5'9 


C5 44'-7 4477 4457 449^ 

S7I 4S‘'l 4597 4903 

-••'i7-»i47 37;.‘,7.-.i 

;'>43'49S5'4"'-'5 

, 5179 5 '<'^S ‘52 si'.i "79,:'-' ^*’^; 

2 I 5248 jiV/K.*:.’ 5784 : .97 I 53-‘ 

•73 1 5X70 S3^»3,5.‘9S 54^8 ^ M 5 ' 

7i 5493 5509. 5‘2» 5534 554^ :'S-9'55/2 

7t sOn 5630'5<^>49 59^2 ‘>975 ‘<*-9 570? 

7 «r 5754 5796 57 *'' 5794 ‘‘-oHJ 5811150 ^ 4 , 

77 S^i'i 5r>2'5v«9'5979 59H 5957!‘9T«'15 
7H,i.jo 'x,39 '/35i''^'-^-'' oo'ySiO'o'y 
71 ' 6n/j Olio 0194 9709 6 s 73|C137 |'•'2ii‘ 

!bO 9 ltO '1324 ojX'J''>353 '^98 93:!3 9197 
\l oio 54’t !o4^9 '••'01 ^. 519 , 05 x 1 0^4- 

1 W 670 . *C70'c.:,4 0 0823:0839 0 ^ 5 

I ti ^-.'34;0‘y:o-CC.6'> 6982 , .-'5 

a? 70 /V 7'-//' :''2 7129 7 *45 7'9' 7‘78 

>6 7 ;-J 4 ;7'’» 7278 7^95 7 3'* 7328 ,J4 

l>7j74iX :4)0'74*7 7494 74^2 749'' 7‘.' 

^ ;<.:j 76 ;. 7 '- .8 765 O 707* 

: 7 ^-o 77 '/'- /‘‘9 7834 . 78 ; . 8,0 

00 7943 1:^-- 79‘-'^i*Vy8 V,17 M5 8';54 
M 47 Mt/jUiM 82 ‘'* 8 JJ 2 8 .tt 
8337 8350 M'5 83 -,^, 414 

83JI>53‘.8-70 8",. y.io>o- 
H ' l7io|b?30|t75''.8?7'‘ 

^33.*Kf54'8-/74 

••PV«IVU. 9'6i;9>8i 92'^. 9;*^ 

QX73 19594 • I ^■‘”2 

•• •;977»l9795U'7i'/840 V 063 »/8»9,990« 


3C.0O 3098 


3864 3'-';j 

54 [3903 

404<> 4*555 


B 61 7 e 0 


•-. 4 

5 6 

4 S 

5 

4 5 

5 

4 5 

6 6 

4 5 

6 6 

4 5 

6 7 

4 5 

6 7 

A 5 

6 7 

4 5 

6 7 

5 5 

! 0 7 

s (> 

1 ’ 

5 <• 

' ' 

5 0 

i '/ 3 

5 

i ■*’ ^ 

5 6 

7 » 

S (■' 

7 .8 

1 0 

7 9 

5 7 

-j 

0 7 

9 


6 9 




5 >7 >9 










































NATURAL SINES 


5 I O' ' 


10 


80 ' 

o “-5 


O ; COCO 

* . -0175 
2 -0 54 <} 

2 ' -ojii 

4 1 

6 , c^7i 

I • 'f? 
(I ' ly^ 
« ,, I.:*- 

tC ' •>730 


OI 9 J jo-’og 

ojto 1 0384 

054 J josss 
"r‘ 5 | 07 p 
08S9 'oc)o6 
ioSo 

U 36 |»a 53 


00s 

10227 

0401 

0576 

0750 

0924 

1097 

1271 

11444 



n 

12 

13 
M 

18 

lu 

17 

16 

19 

00 

SI 

22 

f :$ 

24 

38 

26 

27 

£8 

E 9 

30 

81 

88 

8 5 

94 

36 

86 

87 

59 

40 

41 
48 
41 
«4 


•» 9 oS 

2079 

2250 

2419 

2 s £8 

275 ® 

2.924 

3070 

3255 

j»?0 

3 S «4 

374 ^ 

3^7 

4067 

4226 

4384 

4540 

469 s 

4848 

5000 

5150 

5J99 

5446 

5594 

571 ^ 

58:0 

•61^7 

62.7) 

•65M 

0^1 

6820 

«-»47 


1942 

i 2 n 3 

2284 

3453 

2622 
2790 
3957 

3143 

3289 

3453 

3616 

,3778 

9*3 393913 
083' 


23«7 

24S7 

2636 
2S23 
2990 
3«56 
334*1333 


650 

82 a tS 40 
994 3011 
164 2181 
334 3351 

504 


0645 

0819 

0993 

1167 

1340 

1513 

1685 

1857 

2028 

2198 

2368 

3538 

2706 

2874 

3040 

3206 

3371 



4555! 4571 


9 V 9 

4894 
5045 
5195 

S 4 <^il 5476 5490 

SeofejSfiJi 5635 

5 o| 57«4 5779 
5906 5920 
6060 

6334 

6466 


4131 

4289 

4446 

4602 

4756 

4909 


8 

2045 

”15 

2385 

3554 

*733 

2890 
3040 3057 
3206 3223 

3371 3387 

3535 355 ' 
3697 37'4 

3859 3875 
9 4035 
9 4195 


4939 


5060 5075 5090 

5*10 5225 5240 

5388 

5534 

8 


5934 [5948 



6-04 167I7 6730 
3 15545 <^558 
6959! > 7 * 6984 


62? • c^25 62 
634716361 63 

3 

6613*6626 


698416907170091702 a 


6 


0854 

1028 


358 

10 13 

3 5 8 
3 5 8 

to t3 
10 ty 

3 5 8 

10 13 

* 5 7 

1 10 la 

*57 

1 10 ta 

» 5 7 , 

10 la 


. 9 

6 S 
246*3 
































NATURAL SINES 



O' I O' 

o'* I 



M<ui ' 
Diflfrcflcei 


61 I -8 

62 ! S , 
03 I -S910 
64 -8988 

tj 5 -9063 

68 

67 -9235 

69 -9272 
89 -9336 

70 -9397 
■9455 



70S3 7096 710S 7«20 7:33 714$ 

7206 7218 7230 7242 7254 7266 

7325 7337 7349 7361 7373 7385 

7443 7455 7496 7478 7490 75 <»> 
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